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A NON-HOMOGENEOUS BOUNDARY-VALUE PROBLEM
FOR THE KORTEWEG-DE VRIES EQUATION
IN A QUARTER PLANE

JERRY L. BONA, S. M. SUN, AND BING-YU ZHANG

ABSTRACT. The Korteweg-de Vries equation was first derived by Boussinesq
and Korteweg and de Vries as a model for long-crested small-amplitude long
waves propagating on the surface of water. The same partial differential equa-
tion has since arisen as a model for unidirectional propagation of waves in
a variety of physical systems. In mathematical studies, consideration has
been given principally to pure initial-value problems where the wave profile
is imagined to be determined everywhere at a given instant of time and the
corresponding solution models the further wave motion. The practical, quan-
titative use of the Korteweg-de Vries equation and its relatives does not always
involve the pure initial-value problem. Instead, initial-boundary-value prob-
lems often come to the fore. A natural example arises when modeling the effect
in a channel of a wave maker mounted at one end, or in modeling near-shore
zone motions generated by waves propagating from deep water. Indeed, the
initial-boundary-value problem

Nt + Nz + MMz + Neza = 0, for z,t >0,
(0.1)

n(z,0) = ¢(z), n(0,t) = h(?),
studied here arises naturally as a model whenever waves determined at an
entry point propagate into a patch of a medium for which disturbances are
governed approximately by the Korteweg-de Vries equation. The present essay
improves upon earlier work on (0.1) by making use of modern methods for the
study of nonlinear dispersive wave equations. Speaking technically, local well-

posedness is obtained for initial data ¢ in the class H*(R*) for s > % and

boundary data h in Hl(oljs)/:a(R'*'), whereas global well-posedness is shown

7435
to hold for ¢ € H*(RT), h € H, 1> (RT) when 1 < s < 3, and for ¢ €

H*(RY), h € HETV/3(RY) when s > 3. In addition, it is shown that the
correspondence that associates to initial data ¢ and boundary data h the
unique solution u of (0.1) is analytic. This implies, for example, that solutions
may be approximated arbitrarily well by solving a finite number of linear
problems.
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1. INTRODUCTION

This paper is concerned with the wave maker problem for the classical Korteweg-
de Vries equation. In this conception, it is imagined that water at rest in a channel is
set in motion by a wave maker mounted at one end of the channel. If the frequency
and amplitude of the wave maker oscillations are appropriately restricted, this will
generate small-amplitude long waves that propagate down the channel, and thus
will be brought into being motion that corresponds more or less exactly to the
Korteweg-de Vries regime. Indeed, the amplitude of the wave maker is related to
the amplitude of the generated waves, while the frequency of the wave maker is
related inversely to the wavelength. In this situation, the most convenient and
accurate measurements that can be made are to monitor the free surface at fixed
points down the channel from the wave maker. This scheme has been followed
in a number of experimental works (cf. Zabusky and Galvin [62], Hammack [32],
Hammack and Segur [33] and Bona, Pritchard and Scott [7]). Such a physical
configuration is naturally modeled by the initial-boundary-value problem

N+ Ne + Me + Ngaz =0, forz, >0,
(1.1)
77(5570) =0, U(Oat) = h(t)v

where z is proportional to distance along the channel with = 0 corresponding to
the point closest to the wave maker where measurements are taken, ¢ is proportional
to elapsed time with ¢ = 0 being the initial time when the water surface is quiescent
and the wave maker is activated, and 7(x,t) is proportional to the deviation of the
free surface at the point  down the channel at time ¢ (see [7] [10] for more detailed
commentary on this modeling stance). For each relevant time ¢, the value h(t) is
the measured deviation of the free surface from its rest position at the point x = 0
at time ¢. The function h acts as the driving force for the mathematical problem
(L.I).

Several points are worth noting about the modeling inherent in (LI)). First, the
perfect fluid assumption that leads to the Korteweg-de Vries equation has not been
relaxed. Dissipative effects need to be taken into account in any practical use of
this model, but they are ignored in the present analysis. Second, the channel has
been assumed to extend infinitely away from the wave maker. This corresponds to
ignoring wave reflection from the end of the channel or from a beach. In practice,
this will mean either that the beach is very gently sloping so that little energy does
in fact come back, or, in a channel, the experiment takes place over a time scale such
that the wave motion does not reach the end of the channel. In any event, if there is
significant reflected wave motion moving back toward the wave maker, this model is
inappropriate, as one of its hallmarks is unidirectionality of propagation. (To take
account of two-way propagation at the KdV level of approximation, a Boussinesq
system of equations would be needed as in [3] 4] for example.) Furthermore, notice
that the usual caveat where one removes the term 7, from the equation by changing
to traveling coordinates is not available without a real price in the quarter-plane
problem. A change of variables where one lets v(z,t) = n(x + t,t) does indeed
dispense with the offending term in the evolution equation, but the boundary con-
dition must now be applied in the form v(—t,t) = h(t) for ¢ > 0. Thus the boundary
condition is applied at a changing spatial point and the problem is posed in the
peculiar domain {(x,t) : t > 0,2 + ¢ > 0}, rather than a quarter plane. The gain
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in simplicity of the equation does not appear to justify the difficulty caused by
the application of a boundary condition at a moving point, and therefore we have
elected to stay in laboratory coordinates as expressed in (II). If one drops the
term 7, arbitrarily, the resulting initial-boundary-value problem may be treated by
a considerably simplified version of the analysis that is developed here for (I1]).
Analogous considerations apply to other physical situations modeled approxi-
mately by the Korteweg-de Vries equation, and lead also to the problem (L.
The problem (L)) has received attention in the past, and a satisfactory theory
exists corresponding to physically relevant smoothness assumptions on the initial
and boundary data (cf. [6] [10, 11l 22] 23]). In fact, the problem is usually posed
with allowance made for a more general initial configuration, thus in the form

N+ Ne + Me + Ngaz =0, forz, >0,
(1.2)

77(337 O) = ¢($), 77(0773) = h(t)

Naturally, the consistency condition ¢(0) = h(0) is imposed on the auxiliary data.
Global well-posedness results for strong solutions up to the boundary were estab-
lished in [10} II] for suitably smooth ¢ and h that satisfy certain compatibility
conditions. Included in the theory is the continuity of the mapping that associates
to given initial- and boundary-data the corresponding solution of (I2)). Faminskii,
in a wide-ranging paper [23], deals with the initial-boundary-value problem (2
for a generalization of the KdV equation somewhat like that appearing later in
Craig, Kappeler and Strauss [20]. He puts forward a theory of well-posedness for
generalized solutions set in weighted H!-Sobolev classes. Moreover, he obtains ex-
tra interior regularity in case the initial data decays suitably rapidly at +occ. The
program of Fokas, Its and Pelloni [24] 25] 26, [27] whereby the inverse-scattering
transform on R is adapted to R™ also deserves notice. This method yields very
interesting and helpful formal long-time asymptotics, and it seems likely it will also
be useful in further, detailed studies of the nonlinear problem. We also point to
related work on the periodic- and two-point-boundary-value problem for the KdV
equation posed on a finite interval (see [15], [49], [56], [63], [18]).

By contrast, the mathematical theory pertaining to the pure initial-value prob-
lem for the KdV equation posed on the whole real line R or on a finite interval
with periodic boundary conditions is considerably more advanced. Before recent
developments, the problem

(1'3) N + MMz + Nzgz = 0, 77(%0) = ¢(x)v

posed for x € R or over a finite interval with periodic boundary conditions, was
known to be locally well-posed in the space H*(R) of square-integrable functions
whose first s derivatives are also square integrable, for s > 3/2 and globally well-
posed in the same space if s > 2 (see [9] [35], 36, B7| [38]). Various types of weak
solutions were also known to exist. These results were obtained by studying a
corresponding regularized equation, by applying general abstract semigroup theory
and by other methods of nonlinear functional analysis [9, 2] [34, [35, 511 [53, 68]. As
remarked already by Saut and Temam [52], solving the initial-value problem ([3)
cannot result in the solution being more regular in the H®-spaces than it is initially,
because the equation is time reversible. Thus, there is no smoothing associated with
solving the initial-value problem (L3)) of the sort that obtains when one solves the
linear heat equation or Burger’s equation, for example.
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There is, however, more subtle smoothing associated with the initial-value prob-
lem (T3). One of the early expressions of this fact appears in the papers of Cohen
[16, 17 and, later, Sachs [50]. These works made use of the inverse-scattering rep-
resentation of solutions. The outcome is a set of results showing that decay of
initial data at +oo translates into a local smoothing of the solution beyond that
which it has initially. Starting late in the 1970’s, those smoothing properties were
investigated by techniques other than the inverse-scattering representation of solu-
tions. Kato [37) [38] and independently, Kruzhkov and Faminskii [45], 46| realized
among other things that solutions of (.3) whose initial data lies in H*(R) not only
lie in C(0,T; H*(R)), but also in L?(0,T; H:''(R)). This property, now known as
Kato-smoothing, stimulated an extensive investigation of various smoothing prop-
erties of the KdV-equation and other dispersive wave equations (see, for example,
[13, 14,19, [20, 30, (39} [40} (411, [42] [43] 44} 54} [59] 61] and the references therein). In
particular, various Strichartz-type LY — L4 estimates were established for the linear
problem

(14) N+ Nexx = 0, n(xa 0) = (ﬁ((E),

associated to (I3)) in the work of Kenig-Ponce-Vega [39]-[44] and Bourgain [13, [14].
Those linear estimates made it possible to apply the contraction-mapping principle
to establish directly the well-posedness of the pure initial-value problem ([3)) for
functions ¢ defined on R which either decay to zero at infinity or which are periodic.
Indeed, the problem ([L3) posed on the whole line R was shown to be well-posed in
the space H*(R) for s > % by Kenig, Ponce and Vega [41], and in larger spaces by
Bourgain [14] and Kenig, Ponce and Vega [43] [44], culminating in a well-posedness
result set in H*(R) for any s > —2. As for the initial-value problem (I3) posed
on a periodic domain S, it was proved to be well-posed in H*(S) for s > 0 by
Bourgain [14] and for s > —1/2 by Kenig, Ponce and Vega [44]. (Henceforth, the
abbreviation “IVP” will stand for the often-used phrase “initial-value problem”
while the mnemonic “IBVP” stands for “initial-boundary-value problem”.)

Because of well-posedness, the IVP (L3]) defines a nonlinear map Kp from the
space H® to C([0,T]; H®) (H?® stands for H*(R) or H*(S) depending on whether
(L3) is considered on R or on S). This map was shown to be continuous from
H? to C([0,T]; H?) by Bona and Smith [9] and Kato [36], and Holder continuous
with exponent 1/2 from the space H5/2 to the space L>(0,T; H®) by Saut and
Temam [52]. Much stronger regularity can be established by taking advantage of the
smoothing properties of the equation. Simply as a by-product of their contraction-
principle approach to the IVP ([3), Kenig, Ponce and Vega [42] obtained that
the map Ky is Lipschitz continuous from the space H® to the space C([0,T]; H®).
Later, based on the previously mentioned works of Kenig, Ponce, Vega, and Bour-
gain, Zhang [64] 65| [66] proved that the map Ky is infinitely Fréchet differentiable
from the space H® to the space C([0,T]; H®) and that for § > 0 sufficiently small,
the formal Taylor series expansion

00 7o) N
(1.5) Kulo+9) =3 %

n=0

converges in C([0,T]; H®) uniformly for ||¢|s < &, which is the same as saying
that the map Ky is analytic from the space H® to the space C([0,T]; H®). Here,

Kgb)(cﬁ) is the n-th derivative of Ky at ¢, an n-multilinear map from the n-fold
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product of H® with itself to C([0,T]; H®). Consequently, the solution of the IVP
(I3) may be approximated arbitrarily well on a finite time interval by solving a
finite number of linear problems.

Our purpose in this paper is to bring the theory for the quarter-plane problem
([L2) at least partly into line with the modern theory for the pure initial-value
problem (L3)) posed on R. The following results will be established in this paper.

The initial-boundary-value problem (I.2) is locally well-posed for initial data ¢ in

the space H*(R™) and boundary data h in the space Hl(osjl)/g(R*) satisfying certain

compatibility conditions (see Section 4 ) for s > 3/4, whereas global well-posedness
holds for ¢ € H*(RY), h € H2"(R*) when 1 < s < 3 and for ¢ € H*(RT),
h € HI(SJI)/B(Rﬂ when s > 3. Furthermore, the corresponding solution map is
an analytic correspondence between the space of initial- and boundary-data and the
solution space.

The crux of the modern analysis of nonlinear, dispersive evolution equations is
the linear estimates to which reference was made above. For the IBVP ([L2) under

consideration here, the associated linear problem

N+ Nz + Neae =0, for a, t >0,

(1.6)

n(z,0) = ¢(z), n(0,t) = h(t),
plays the same central role that the linearized IVP
(1-7) Nt + Naaa = 0, 77(1‘70) = (b(x)a

does in the study of (I3). Since (6] is posed in a quarter plane, the Fourier
transform does not possess the same power it has when the problem is presented on
all of R2. As a potential global solution of (L6 is defined on a half-line R* in each
of the two independent variables x and ¢, it is not unnatural to think of replacing
the use of the Fourier transform that comes to the fore in the analysis of (I7) with
the Laplace transform. By taking the Laplace transform with respect to ¢ of both
sides of the equation in (L), the IBVP is converted to a one-parameter family of
third-order, boundary-value problems

A2, A) + 0 (2, A) + ez (T, A) = (),
(1.8) R

70, A) = h(A),  H(+00,A) =0, a(+00,A) =0,
where 7 = 7j(z, A) denotes the Laplace transform of n = n(x,t) with respect to ¢
and A > 0 is the dual variable. The solution of (LJ) is given by

+o0 R
0z, \) = G(z, 205 N p(z0)dzo + " MR (N)
0

where G(z,zo; A) is the Green’s function associated with (L.8) in the special case
wherein h = 0 and r()\) is the solution of

A+r+73=0
for which Re r(A) < 0. The solution n of (6) is then given formally by

1 +oo+iy 400 .
19 e =g [ ([ G oo + V0 ) an
™ —oo—+1y 0
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for x, t > 0, where v is a fixed, but arbitrary positive constant. At first sight, a
solution formula like this does not appear well suited to analysis by Fourier tech-
niques. However, by carefully choosing the contour over which the outer integral is
computed, we are able to rewrite the representation in (L3)) to obtain the following,
remarkable explicit formula. Define H = H(x,t) by

1 [ . ) oo
Hat) =5 [ et [ ente=0o)dcan
27T 1 0
o T gt / " e g(¢)dedy
™J1 0
(1.10)
o0 E (L—1 3u2 Rl
o [ e [ et ggyacan
T 0 0
o Tttt B ) / T ey () dgdy.
i 1 0

In terms of H, the solution n of (L6 is, for z, t > 0,

(1.11) n(xz,t) = H(z,t) + H(x,t).

A cursory examination of (ILI0))- (ITT)) reveals that there are two types of smooth-
ing properties associated with the linear problem ([8)); the smoothing effected upon
7 with respect to its initial data ¢ and with regard to its boundary data h. As in
the work on the IVP ([I3)), these aspects are the heart of the theory to be developed
here. It will be shown that for A = 0, the solution 7 of (L)) satisfies the following
estimates: For ¢ € Ly(RT),

(1.12) sup / Ba1(z, 1) 2dt < Ol 12(ne ).
0<z<+00 JO

(1.13) sup 0@, )l yass ey < Cllollzaas.
0<z<o0o

for ¢ € H'/2(RT),

oo 1/4
(1.14) (/ sup |8xn(x,t)|4dt) < Cléll grrz(r+)
0 0<zr<oco
whereas, for s > 3 and ¢ € H§(R"),
Yoo 1/2
s ([ s e oP) < C Do,
0 0<t<T

On the other hand, if ¢ = 0 and h € HY3(R™T), the solution 1 of (L) will be
shown to satisfy the following inequalities:

(1.16) sup [[n(,)llz2r+) < Cllhllgi/s gy,
0<t<o0o

+o0o
(1.17) ( [ sw |n<x,t>|2dx) < Ol s,
0

0<t<o0o
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+oo 1/2
(1.18) sup (/ |8xn(9c,t)|2dt) < Clhllssar),
0<z<o0o 0
(1.19) ,Sup In(@, M 172 gy < Cllbll s+,
<z<oo
and if h € H'/2(R"), then
400 1/4
(1.20) </ sup |8xn(x,t)|dt> < C|lhll grr2(g+y-
0 0<z<oo

The estimates (LI2) and (ITI8) are sharp versions of the local smoothing effect
of Kato-type. The estimates (I.I4) and (CZ0) reveal global smoothing effects of
Strichartz-type for the linear problem (I6)). The estimates (ILI5) and (II7) are
half-line versions of Corollary 2.9 in [41]. The estimates (LI3) and (1Y) comprise
sharp trace results.

Armed with these linear estimates, we are able to obtain local well-posedness
results for the IBVP ([C2) via the contraction-mapping principle. In our initial
foray, we approached the linear estimates directly by way of the representation
(1.10)-(1.11). One of the referees remarked that the estimates pertaining to the
solution 1 of (1.6) with A = 0 can be reduced to the problem where ¢ = 0 together
with the known results for the initial-value problem

Ut + Ugp + Ugze = O; U(IE,O) = ¢* (IE),

for x € R, t > 0, where ¢*(x) is a suitable extension of the initial data ¢ defined on
the half-line R to the entire real axis. Indeed, by letting v(x,t) = u(x,t) —n(z,t),
one obtains a function defined on RT x R* satisfying the linear KdV equation and
with v(0,t) = u(0,t) and v(z,0) = 0. In our development, we have taken advantage
of this suggestion, thereby saving quite a few pages of detailed inequalities. On the
other hand, we have kept the derivation of the exact solution (1.10)-(1.11) despite
the fact that we need only a portion of this formula. Exact formulas are often useful
when more detailed aspects of solutions are examined.

Global well-posedness follows from the local theory as soon as corresponding
global a priori estimates are established. In contrast to the pure initial-value prob-
lem ([L3)), where the needed global estimates are provided with little effort by the
infinitely many conservation laws possessed by the IVP for the KdV equation,
more protracted analysis is demanded in establishing global a priori estimates for
the IBVP (I.2) because these conservation laws no longer hold.

In [10], using energy estimates, Bona and Winther showed that for any solution
of (I:6) that is appropriately smooth up to the boundary, the following bounds
hold:

sup ”n(’;t)”Hl(R‘*') < a1(||¢||H1(R+) + ||h||H2(o,T))
0<t<T

and
sup |[[n(, )l gs(r+) < as(18llasr+) + 1Rl gr+ier310,1));
0<t<T
fors=3kor3k+1,k=1,2, --- . The functions a;; : Rt — R™ are continuous

and nondecreasing. It is worth pointing out that in the above estimates, more
regularity of h is required than that needed for the local well-posedness results
indicated above and proved in Theorem 4.9. Moreover, missing from these results
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are direct bounds in H2(R*), H3(R"), ---, as well as in H*(R") for non-integer
s. An appraisal of the proof in Section 3 of [10] of these inequalities holds out little
hope that such bounds will be forthcoming via direct energy estimates. Compared
with the relative ease with which one obtains a priori estimates for the pure initial-
value problem, the IBVP (L.2)) is more difficult because of the non-homogeneous
boundary conditions and, at a more delicate level, the loss of regularity experienced
when one takes the trace of a solution at x = 0.

In this paper we will provide the following global a priori estimates for the IBVP
([C2): For any T > 0,

';t s < 5( s + ||k s )
s a0l < a (ol + 100, 75

for 1 <s<3and

sup [l 0oy < s (Ul + Il g0 )
for s > 3. The various smoothing properties of (1.5) described earlier will play a
central role in establishing these estimates. Another key tool is nonlinear interpo-
lation theory as expounded in Tartar [57], and Bona and Scott [8].

Special arguments are also needed in discussing analyticity of the solution map
K associated to the IBVP (2) from the space H*(RT) x H*/3(0,T) to the space
C([0,T); H*(R*)). Because of the compatibility conditions that the initial data ¢
and the boundary data h have to satisfy, the domain of the solution map Ky is
a linear subspace of H*(Rt) x H*/3(0,T) only if s < 7/2. Thus the Taylor series
expansion does not hold in the form depicted in when s > 7/2 and more subtle
considerations are needed. In fact, it turns out to be convenient to generalize the
setting to systems of m equations that include the IBVP (I.2)) as a special case. In
this setting, an appropriate analyticity theory is formulated and proved, and the
result then interpreted in the KdV setting to achieve an analyticity result for all
s> 3/4.

Finally, we point out that a linear problem related to (I.6]), has been studied by
Fokas and Pelloni [24], namely

(Jt+qgm’xzo, $207t>0,
(1.21)

They obtained the explicit solution

L[ it [ S

(1.22) q(z,t) = 2—/ etk t/ e”“yql(y)dydkjt/ e~ eIty (1Y dk,
TJ-oo 0 Ly

where the contour Ly consists of the directed rays arg(k) = 37 and arg(k) = 2,

v(k) = 3k2/ eikgsqg(s)ds — w(i (wk) — w?G (Wk), for k€ Ly,
0

—2mi/3

with w =¢ and

1 (k) = /0 ~ eitug, (y)dy.
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Of course, the term ¢, is missed from the equation in ([CZI). To account for this,
Fokas and Pelloni also considered the linear problem

gt + Gzaz =0, z2>ct, t>0,
(1.23) q(x,0) = qi(x), x>0,

q(ct,t) = q2(t), t>0.

Under the Galilean transformation z = £ + ¢r, ¢ = 7 mentioned in [24], (T23) is
equivalent to

Gt — €z + Geza =0, >0, £ >0,
(1.24) q(z,0) = q1(z), x>t

q(0,t) = q2(t), t>0.

The explicit solution

(125) qtant) = o [

— 00

+oo L R i i
efzszzk‘st/ e’bkyql(y)dydk-f—/ eilkxilk%l/(k‘)dk,
0 L

for the linear problem ([L23) is presented in [24], where the contour L is the lower
branch of hyperbola 3k% — k? + ¢ = 0, k = kg + iky, in the complex k-plane and
v(k) is defined by v(k) = G(k) + C(k) with

G(k) = (3k2 + c)/ ei(kg"’Ck)sqg(s)ds
0

and

3k% 4 2¢ + 3kk © T
k) = —i(k+k)y d
Clk) (3k2 + 2¢)(3k2 + 4) /0 € a1 (y)dy

3624+ 2c+3k(k+ k) [ i,
i dy.
(3k2 1 20)(3k2 + 4) /0 e May)dy

Notice that one cannot take ¢ = —1 in the latter formula, and hence this analysis
does not provide a solution of the standard linear wave maker problem (I.0]) as
formulated above.

The plan of the present paper is as follows. Section 2 is devoted to the derivation
of formal solution formulas for linear problems that lead to the results in (IT.I10)-
(LI13). This is somewhat tedious, but crucial in Section 3 to obtaining the linear
estimates just described. Armed with these linear estimates, local well-posedness
results are set down for auxiliary data in H$(R™) x H l(osjl)/ 3 provided only that
s > %. At this stage of the development in Section 4, an interesting issue arises
for larger values of s, which was already apparent in the work of Bona, Luo and
Winther [6, 10, I1]. If s is large enough, one needs more than the most obvious
compatibility condition ¢(0) = h(0) to infer existence of appropriately smooth
solutions. Section 5 uses the local well-posedness theory, some a priori estimates,
and nonlinear interpolation to attack global well-posedness in case s > 1. The

last major section provides a theory pertaining to the analyticity of the solution
mapping.
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2. SOLUTION FORMULAS FOR LINEAR PROBLEMS

In this section, explicit representation formulas are derived for solutions of initial-
boundary-value problems for the linear KdV equation.
Consideration is first directed to the homogeneous linear problem

Ut + Uy + Ugze =0, for x, t >0,
(2.1)
u(z,0) = ¢(z), u(0,t) = 0.

By semigroup theory, its solution may be obtained in the form
u(t) = We(t)o,

where the spatial variable is suppressed and W, (t) is the Cy-semigroup in the space
L?(R") generated by the operator

Af = _f/// _ f/
with the domain
D(A) = {f € H*(R")| f(0) = 0}.

By d’Alembert’s formula, one may use the semigroup W.(¢) to formally write the
solution of the inhomogeneous linear problem

Ut + Uz + Ugze = f, forz, t >0,
(2.2)
u(z,0) =0, u(0,t) =0,

in the form
(2.3) u(t) = /0 We(t —71)f(-,7)dr.

The following proposition provides an explicit formula for W, (t)¢.

Proposition 2.1. For any ¢ € L*(RT), define

U (06() = — / T gtipt / " e g(¢)ded,

:§ )

ip+4/3p2—4
.3 . - —
ezu t—zute 2

)r / " e () dedp

and
1 e B (,_@)x o
U (00l0) = 5 [ e | oz
27TZ 0 0
Then it follows that

2
Wee(@) = Y (U (6@) + U ()
j=0
Proof. Using the Laplace transform as described earlier, there obtains the formula

w(at) = — / T M RO A)s()an,

2mi T —1%00
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where r > 0 is a given constant and R(\, A) is the resolvent operator of A. If the
function v is defined by v = R(A, A)¢, then v is a solution of

M(z) +0'(z) + 0" (z) = ¢(z), 0 <z < 4o,
(2.4)
v(0) =0, v(z),v'(z) — 0 as x — 4o0.

In consequence, the function v has the representation
o0
o) = RO A)8() = [ Glas N(s)ds,
0

where G = G(z, s, \) is the associated Green’s function for (2.4). If we let v1, 72, 73
be the three roots of the characteristic equation
(2.5) A+v+92=0, for Re A > 0,
ordered so that

Rev1 <0, Rewve >0, Revys >0,
then G is given explicitly by

1

Glz,s,) = A {(’73 —7)eM T 4 (g1 — g )e TS

+Y (2, 8)(y2 — y3)e (")

+ (1= V(@) (n =10)e™ ) + (32 = )e =) |

where

AA) = (1 —72)n —73)(v2 —73)
and
1 if0<s<u,
Y(z,s) =
0 otherwise.

Combining these formulas gives the representation
1 r+i00 00
(2.6) W.(t)p(z) = =— / e)‘t/ G(z, s, \)p(s)dsd,
2mi =100 0
valid for any fixed » > 0. Note that, for fixed values of z and s, G(x, s, \) is analytic
in the right-half plane Re A > 0 and continuous for Re A > 0 except at
2i
A=vy=+——.
But, as A — v, a little analysis shows that

<%@&A)~0(M—yg—ﬂﬂ,

uniformly for z, s > 0. As this singularity is integrable, we may let » — 0 in (28],
thereby obtaining

Wiole) = g [ [ Glws olslasin

211

I+11,
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with
1 100 0
I=o— ) eMA G(x, 5, \)p(s)dsd\
and
1 0 At o
1l = — e / G(z, s, \)P(s)dsdA.
210 J oo 0

Introduce the notation

Az, \) = A1 (x, \) + Aa(x, N),

B@A%=A<w—v@aw“®aa%

and
C(l’, >‘) = Cl (SC, )‘) + CZ(xv >‘)a
with
Ay, )) = /0 (9 — 1) B(E) de,
As(, ) = / (1 — )™ B(E) e,
Cr(x,\) = / (1 — )= @O g(€)de
and

Cala ) = [ (o =)= Do()ie
Then the quantities I and I1 may be written in the form

1 oot ez\t
/0 A0y A@ N + B, X) + Oz, A))dr

= 2mi
and
1 0 et
II = 57 A [A(z,\) + B(z, \) + C(x, \)] d.

Consider first the integral I. It is convenient to make the change of variables
N=ipd —ip, with 1 < p < +o0,
in the equation
Y +y+A=0.

In terms of p, the three solutions of the characteristic equation (2.5)) are

f:—\/3u2—4—iu ;:\/3u2—4—iu L

5 ;Y 5 s V3 =

Y
Notice that
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In terms of the variable p, the integral I may be rewritten as
J— /OOMZ'(?) 2—1) (At (z,p) + Bt (z, p) + CH (2, p)) d
- 27TZ 1 A+(///) ‘LL 7M 7M a/‘l‘ ,LL,

where AT (1), AT (z, 1), BT (x, ) and C (z, ) are obtained from A(z, \), A(x, ),
B(x,\) and C(z, \), respectively, by replacing A with iu® — ip and 1, 72 and 73
by 'yfr , 'y; and 'ygr , respectively.

Similarly, in the analysis of the integral 11, make the change of variables

N=aud —ip = —ipd +ip, where p>1,
in the equation
Y+ v+ A=0.

The three roots of this characteristic equation are given by

V) =2 (), v () =3 (), s () =73 (),

in this case. Thus, it transpires that

1 1 e—iu3t+iut. ) - - B
IT= %[FOO Wz(l—Su ) (A7 (x, 1) + B~ (x, 1) + C (2, 1)) dp,

where

A7 (p) = A*(p),  A™(z, 1) = A (z, ),

B_($7M)=B+($aﬂ)a C_($7M)=C+($7M)-

It is now proposed that

— 1 00 ei;f’tfiut ) N
t = — — -1)B d
00w = 5 [ Fei®nt = 1B e
1 1 e—i/L3t+’i/Lt )
2.7 + —/ ————i(1 = 3p")C5 (x, pw)du,
(27) 5wt | A B0 )
from which it transpires that
N 1 1 e—i/L3t+’i/Lt )
U (to(x) = —/ ———i(1 —3u*)B™ (x, pu)dp
R e (2,10
1 0o eiugt—iut

(2.8) — - 1(3u? = 1)CF (x, p)dp.

2mi 1 AT
To see the validity of (Z7), let
Iy ={z: z=75(p), 1 <p<+oo}
and
IT={z: z2=97 (), 1 <p<+oo}.

Both I'] and F;‘ are oriented curves in the complex z-plane starting at the same
point z = i. Let €; denote the region enclosed by I'| and F;‘ that includes a
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neighborhood of the imaginary axis from i to ico with negative real part. By a
simple change of variables,

1 o) e”ﬁt—iut (3 9 ) B+ du = 1 n ; p
i . WZ(M —-1) (w, ) H—% - 1(3?7 ,2)dz
with
Fif (z,t,2) = e~ T B (0, 2)(=322 — 1) /A (2),
where
B(w2) = [ GG =3 () OO0
At (z) = (37 (2) =35 (2)) (31 (2) — 33 (2)) (32 (2) — 35 (2)) ,
and
s v my 2.2 4 _
)= AR e = YRR -

The function F; (x,t, z) is analytic in the region ; and is continuous on the closure
of ;. In addition, F;(z,t, z) tends to zero as z — oo in 2y, uniformly in = and
t. Hence, we are allowed to change the contour on the basis of Cauchy’s Theorem
and thereby determine that

1 1
— Ff(z,t 2)dz = — Tz, t,2)dz.
2mi Jrs vt 2)dz = oo - V(1 2)dz

But, on I'], we see that
2 2= (v (W) + 1 () = in® —ip,
(322 4+ 1)dz = d(2° + 2) = i(3u® — 1)dp,

i (2) =75 (1), A5 (2) =75 (), 75 (2) =1 (),
At(z) = (v () =7 () (v () =9 () (3 (1) =71 (w)

— (1-3u2)VBee -4,

and
B+(x, z) = /I A /3M2 _ 4e—ilt($—f)¢(§)d€.
0

In consequence, it follows that

1 1 0o o - A
_ Ft t. 2)dz = — —ipSttipt —iu(z—¢) dédu,
27 F;’ 1 (l’, 7Z) z o . e /0 e ¢(£) 5 m

A direct computation reveals that

1 1 efi;ﬁtJriut. o
/ Wl(l —3p7)Cy (@, p)dp

5mi ),
L[ s, [T .

— 2_ e~ t+zut/ e—z;;(x—§)¢(§)d€du,
™ J1 T

whence (Z7) holds.
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Next, it is established that

1 00 eiugt—iut

————i(3u* = 1)C}f (, p)dp

2mi 1 At

1 1 e—i/L3t+’i/Lt
+ / ————i(1 = 3u*)Cy (2, p)dp = 0.

2mi Jyoo A (1)
To prove this formula, let A = —u3 — p in the equation
Y +y+A=0,

where p > 0. Write the three solutions of the characteristic equation as

7 (1)

_ —pt /A3

2

We have that 73 (0) =i = v4 (1). Let

M={z=7:

12 (1) =

—p— /4 + 3u?

2

0<pu<+oo}

and let Qf be the open region enclosed by I'j and I'j. We may write

2mi

with

1;\24-(‘%’157 Z) _ 67(z3+z)t —

eip,stfip,t

At (p)

(322 +1)
A+ (z)

1

! / ————i(3p? = 1)C; (2, p)dp = — Fyf (2,t,2)dz
1

2m Jri

/ TG (2) - 3 (2)e OO (e

(1) = .

441

Since Fy (z,t, 2) is analytic in Qf and is continuous on Q} and tends to zero as
z — o0 in QF, we can change the contour of integration and conclude

1
— Fyf (2,t,2)dz =
2mi ri

On I'f, for 0 < p < +o00,

211 s

1
Fyf (2,t,2)dz.

Prz=pt o, (322 +1)dz = (3p® + 1)dp,

i (2) = v (1), 75 (2) =73 (), A5 (2) = 71 (w),

>
+
)
S—
I
5
N ¥
=
SN~—
|
)
W x
=
SN~—
SN~—
)
N ¥
—
=
S—
|
)
=%
=
SN~—
SN~—
)
W x
—
=
S—
|
)
=%
—
=
S—
S—

and

Consequently,
1

211 F;—

Fyf (2,t,2)dz = —

i(1 4 3u)\/3u2 + 4,
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In addition,

/1 efiu3t+iut 00 Liudt—iut ]

. WZO —3u*)Cy (z, p)dp = — : Wz(&tﬂ — 1O (, p)dp

+oo 3 o0
- _/ e~ (1 +u)t/ e“(x_g)cﬁ(ﬁ)dfdu.
0

x
The proposition in view is thus established.
Similarly, by appropriate changes of the contour of integration, it is inferred that
1 00 eiust—iut 9 A+ p Wi
— —i(Bu* —1 =— t
oI 1 A+(M) Z( 12 ) 1 (x7u) 12 2 ( )(b(l‘)
and
1 1 e—i/L3t+’i/Lt ) N
— —— (1 = 3u")AT du=U, (¢ .
i | a0 BAT i = U (@)0(a)

Finally, a direct computation shows that

oo Liplt—iut
1 /1 (31 — V)AS (e p)dp = U (£ ()

2mi A+ ()
and
1 L —iplttipt
o /+ A= 347 (e )i = U ()0(a),
The proof is complete. O

Next, consideration is given to the non-homogeneous boundary-value problem

Ut + Uy + Ugze =0, for x, t >0,
(2.9)
u(z,0) =0, u(0,t) = h(t).

Proposition 2.2. The solution of (Z29) may be written as

(2.10) u(z, t) = [Wy(t)h] (x) = [Up(t)h] () + [Up(D)h] ()

where, for x,t >0,

[Uy(t)h] (z) = % /1 h ei”3t_i“te_<@)x(3u2 —1) /0 h e~ W imiEy () dedp.

Proof. Let 4 and h denote the Laplace transform of v and h with respect to t,
respectively. By applying the Laplace transform to both sides of the equation in
(23), one obtains

Nit(2, N) + G (2, N) 4 Ggge(z,N) =0, @(0,\) = h(N).

As both @(z, A) and @, (z, A) tend to zero as x — oo, it is concluded that for any A
with Re A > 0,

a(z, \) = h(\)etM?
where 71 (A) is the unique solution of

A+ +r=0
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satisfying Reri(A\) < 0. Thus, for any fixed v > 0, one has the representation
1 100+y

u(z, t) —/ eMh(N)ertNTN,

270 ) ooty
Arguing as in Proposition 2.1 and using the fact that the right-hand side of this
relation is continuous in v up to v = 0, there obtains

L™ o o0en @) L7 e
t) = — ER(N)et MTgN 4 — Eh(N)emrMNEg ),
uat) = g [ e rane o [ i
On the positive imaginary axis, take A in the form A\ = iu® — iy for a unique p with
1 < p < +oo. In terms of p, the quantity r1(\) has the value

V3t —4+i
T1(>\):—¥,

as before. By direct computation, it follows that for x, t > 0,
1 100 o N
— h(N)e"*NEdN = [Uy(t)h] ().
5 [ e U(0)h] (1)
Similar reasoning shows that

0
% M h(N)er VTN = [0, (6)h] (),
Y8

—1i00
thus completing the proof. O
Finally, attention is turned to the inhomogeneous initial-boundary-value problem

Up + Uy + Ugee = f, forz, t >0,
(2.11)
U(IE, 0) = ¢(x)v U(O,t) = h(t)a
where ¢ and h are assumed to satisfy the compatibility condition i(0) = ¢(0). Let
u(z,t) = z(x,t) + e 7 th(0). It is easy to see that if u solves (Z.I1)), then z(z,t)
solves
2t + 2z + Zpge = [ +2e7F70(0), for z, t >0,

2(x,0) = ¢(z) — e "¢(0), 2(0,t) = h(t) — e7h(0).
Decompose z in the form z = w + v + y with

W + Wy + Weze = f + 2" th(0), for x, t >0,
w(z,0) =0, w(0,t) =0,
Ut + Vg + Ve = 0, for x, ¢t >0,

U({E, 0) = (j)({E) - 67I¢(O)a U(Oat) =0,
and
Yt + Yo + Yzze = 0, for x, t >0,

y(z,0) =0, y(0,t) = h(t) — e *h(0).

The following representation for the solution of (ZI1l) emerges from this decompo-
sition together with the results of Lemmas 2.1 and 2.2 and Duhamel’s principle.
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Proposition 2.3. The solution u(z,t) of (ZII) is
u(@,t) = We(t) (6(z) — e "$(0)) + /0 We(t =) (f(z,7) +2¢7""7h(0)) dr
(2.12) + [Wo(t) (R(t) — e "h(0))] (z) + e " "h(0).

3. LINEAR ESTIMATES

In this section, estimates for the semigroups We(t) and Wy(t) are obtained.
These estimates, analogous to those obtained by Kenig et al. [411 [42] for the linear
KdV equation posed on the whole line R, reveal various smoothing properties of
the semigroups W,(t) and W,(¢t) and will play an important role in establishing
well-posedness results for the nonlinear problem in Sections 4 and 5.

We start by laying out notation for the fractional-order Sobolev classes defined
on RT. For s > 0, write s = m~+6 where 0 < § < 1 and m is a non-negative integer.
Thus m = [s], the greatest integer in s. For f € C*°(R") N H™(R™), define a new
function J3 f by

|0 ()] if § =0,

Jif(x) = o0 1/2
(/ T—(29+1)|f(m)(x +7)— f(m) (m)|2d7'> , if 6 >0,
0

for any z € R*. Because f("™ is smooth and an L?(R*)-function and 6 < 1, J5 f ()
is finite for all z. The quantity

(3.1) 1 WZrs oy = 1 N2 crey + T2 f 12
defines a norm on C*°(RT)NH™(R") and the completion of this space in the norm
@) is denoted by H*(R™1). The space H§(R") is the completion of C§°(R™) in

the norm defined in ([B). Clearly H§(R™) is a closed linear subspace of H*(R™)
and

HG(RT) = H*(RT)

it 0 <s<1/2. A good reference for this material is Lions and Magenes [47].

Next we present two technical lemmas that will find frequent use in this section.
They play the same role in dealing with the half-line problem as does Plancherel’s
Theorem for the KdV equation posed on the entire real line.

Lemma 3.1. For any f € L*(a,+00), let K f be the function defined by

+oo
Kf@) = [ W g,

where a € R and vy(p) is a continuous complex-valued function defined on (a,o0)
satisfying the following three conditions:

(i) Revy(p) <0, for p> a;

(ii) there exist & >0 and b > 0 such that

sup |Re ()| > b

a<p<at+s H—a
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(iii) there exists a complex number a + i with oo < 0 such that

lim #:a—l—iﬁ.

00
Then there exists a constant C such that for all f € L?(a,00),
1K fll 2y < Cllf ll22(a,00)-

Proof. By a translation of the coordinate system, we may assume a = 0. In this
frame of reference, our assumptions imply that there is a positive constant d such
that

(3.2) —Re (y(r)) > dr
for all » > 0. Next, observe that

+o00 +o0o +o0
||Kf||%2(R+) < / {/ eRE(“/(S)z)|f(S)|dS/ eRe(v(t)x)|f(t)|dt} dx
0 0

0
—+oo

+o00 o0
/ / ROz ()| £(£)|da ds dt
0 0

0

Y A A V(O VIOl
‘/o / Re (7(5) -]

0| f(s)lds
= ‘/ Re (1(s) 1 1(0)]|

by the Cauchy-Schwarz inequality. Changing variables and using the integral ver-

sion of Minkowski’s inequality yields
‘ /+°° |/ (s)|ds /+°° |f (pt)t|dp
o [Re(v(s)+~(1)] o [Re(y(ut) +~()]

I fllz2(r+),
L2(R¥)

L(RY) ‘

LY (RT)
oo t)t
< / H fut) i
0 Re (y(ut) + (1)) L2(R+)
e 1
< C/ ———dpl|fllr2r+
o vt + W e
< Ol fllr2r+)
since
()2 crey = 1~ 2 Fll 2crey
and, because of ([B2)),
t < 1
Re (y(ut) + ()] ~ d(p+1)
for any ¢ € (0,4+00). The proof is complete. O

Lemma 3.2. Let a > 0 be given. For any f € L*(0,a), let Gf be the function
defined by

Gf(x) = /O 0O £ (1)
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where £(p) is a continuous real-valued function defined on the interval [0, a] which
is C1 on the open interval (0,a) and satisfies the two conditions:

() €(4) # 0 for any p € (0,a) and
(i) there is a constant Cy such that WIHH <Oy for0 < p < a.

Then there exists a constant C such that for all f € L?(0,a),
1Gfl2(r+y < Cllfllz2(0,0)-

Proof. Let w = &(p). Then p = ¢~ H(w) and dw = &' (u)dp since &(u) is invertible.
In terms of the variable w,

£(a)
Gf(x) = /5 g () —

(0) € (w))
It follows from Plancherel’s Theorem that
G113 N (;> “
LA(RT) 27 Je(o) &t (w))

- 27r/ 1 |£' s
C a
2—;/0 |f ()P dp.

The proof is complete. O

IN

The next step is to obtain estimates for the operators W(t) and U;"(t) defined
in Proposition 2.2. The first one is a standard energy inequality.

Lemma 3.3. Given s > 0, there exists a constant C' = Cy such that

ilzllgH[Wb(t)h] Ollzrg ey < CllRll =g oy

forallh € Hy® (R*).

Proof. It suffices to establish the estimate for Uy(¢) and to consider only the cases
where s = n is an integer. The analogous result for non-integer values of s may be
obtained by standard interpolation theory. First, notice that

1

DA () = 5o [ 07 )3 1)

< [ et ey
0

Ifl(x,t) +IIQ(£L',t)
with
1 [+ s >
(3.3) IIl({E t) 27‘(‘ /2/\/_61(“ *M)tew(u)an(ﬂ)(?)lﬁ _ 1)/0 e —(pP—p Cz (C)dCdu
(3.4)

1 [AvE Bt w()T, 2 X (P
Hz(%ﬂZg e TR TG (1) (3p” — 1) e TSR (()dCdp
1 0
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; 2_
where w(p) = SRAAA L ”23”4. Because of the obvious inequality

+o0o
u2,
(35) L(z)] <C [ e 55 2w (34 — 1)
2/V3

it follows by Lemma 3.1 that

/ e“”‘“’“h(@)dc‘ dp,
0

+oo
_VBu?-oa n
SupHIIl(-,t)HLg(Rﬂ < CH/ e e (1 +M)2+
t>0 ) 2/V3

X

/OO e_(”g_”)cih(@dg‘ du
0

L2(R+)

9 1/2
d,u)

5 1/2
dn)

As for IIy(x,t), note that w(p)/i is real when 1 < p < 2/4/3. Applying Lemma 3.2
directly to IIy(x,t) yields that
9 1/2
du)

C > 1 4+4-2n > —(u?’—u)(ih d
< (/1(+u) | (©d¢

<C </OO(1 )P/
0

< CHhHH("*l)/?’(Rﬂ-

/ e min(Q)dc

0

2/V3
sup [T12(, ) 2n) < € / (14 2
= 1

- 5 1/2
<Cp < / dn)
0

< Cullh L2ty
sup U ()R] Ol gy < Cnllbl ngs

| e e
0

| e
0

Consequently

(R*)
The proof is complete. O

The following inequality comprises a sharp version of the Kato smoothing prop-
erty (see Kato [37] B8], Kruzhkov and Faminskii [45], [46]) for the semigroup Wj(t).

Lemma 3.4. For any s > 0, there exists a constant C = Cs such that
1/2

swp ([7 G WO @) dr) < Ol

rzERT
s+1
for all h € Hy® (R").

Proof. We prove the estimate for 0 < s < 1. The proof for other values of s is
similar. Consider first Uy (¢)h. Let n = u3 — p for > 1 and, for n > 0, let u = ()
be the unique real solution of

n=p—p.
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Note that
1 o - o0 3 .
Ds [Up(D)h] (z) = 5 1 w(p)elt it (32 — 1) /O e WS R(&)dedp
1 o0 . oo .
= 5 [ wmpemetoe [ reingacan,
™ Jo 0

Using the Plancherel Theorem with respect to ¢ in the above representation of
D, (Uy(t)h), one sees that

/OO D [Uy ()] ()] dt < c/mu )3
0 0

for any € R*. Thus the lemma holds for s = 0. For 0 < s < 1, since

1 s > ipdt—ipt w(p)x 2
=5 |J= ' w(p)e T (3p7 — 1)

2
dn

| emsineae

0

|17 [Us(8)h] ()

2

~ / eii(”gf“)fh(f)dﬁdu
0

_ i > 7_—(23+1) /OO w(u)eip%—iutew(u)x (ew(u)r _ 1)
27T 0 1
00 o 2
x(3u% —1) / e WER(E)dedp| dr
0

1 o0

27T0

7_7(2s+1)

/oo w((s(n))eintew(ﬁ(n))x (e‘”(‘s(n))‘r B 1)

1

2

X /0 - e~ MEh(€)dedy| dr,

the Plancherel Theorem may be used as before to adduce

/ | 0] () de

2
dndrt

00 00 2 .
< C/ 7_—(23+1)/ ‘ew(é(n))T_l‘ ‘w(é(n))/ e M h(g)de
0 0 0

< C/OO /OO 7 (24 ‘e“’(‘s("))T — 1‘2 dr
o Jo

2
dn

() [ e n(e)de

o) o) [e'e) 2
<cC / y~ @D ey — 1" dy / |w(8(n))[PHY / e~ h(E)de| dn
0 0

0

[e'e) 00 2
<c / (14 )26/ / e MER(E)E| dn < ClBl oo
0 0

It is thus proved that the lemma is true for 0 < s < 1. O

Solutions of the linear KAV equation

Ut + Uz + Uzze = 0,
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have the formal property that temporal derivatives are balanced by three times as
many spatial derivatives, viz.,

D; ~ D3
for s > 0. The following lemma gives precision to this observation.

Lemma 3.5. For any s > 0, there exists a constant C = Cy such that

k
. . s—k+1 < s
(36) sup [DEWOH @] g < ClblLege

fork=0,1,---[s] and allheH(:%l(R"’).

Proof. Tt suffices to show that (3.6) holds for [Uy(t)h] (x). A change of variables as
in Lemma 3.4 gives
1 oo

DU @) = - | T I () 107 (312 — 1)

% / e_i(”3_“)5h(£)d§du
0

1 0 o0 )
- e (§()e O [ e ded,
0

2 Jo

where §(n) is specified in the last proof. It follows from arguments, by now familiar,
that for any z > 0,

2
1Dz [0s(-)A] (x)HHt%(RJr)

oo 2
2(s—k+1)
<c / (1+7) 252 () dn

/ e n(e)de

0

2(s+1)
3

2
d?] = C||h||Hb§1 (R*).

sc/ooo(un)

| emniea

0

Here we note that we can take t-derivatives of Up(t)h of any fractional order directly
using Fourier transforms and cutoff functions. The proof is completed. O

Lemma 3.6. For any non-negative integer n, there exists a constant C, such that

) 1/2
([ suwloz mrom @ de) < Cullblgenns
0o t=

for all h € H" V3 (RT).
Proof. The proof is given in detail for Uy(t)h. As in the proof of Lemma 3.3,

DI [Uy(t)h] (z) = IL (2, t) + Lo, 1)
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where Il (z,t) and Ils(x,t) are defined in (B3) and (B4), respectively. By the
inequality (BH), it follows from Lemma 3.1 that

S 1/2
(/ sup|IIl(x,t)|2dx>
0 >0

<c ( | et - 12

0

= C||h||H(n+1)/3(R+).

0o R )
/ e~ (1 —lt)Cth(OdC
0
5 1/2
dn)

As for ITy(z,t), recall w(p) is purely imaginary for 1 < p < 2/4/3. If we make the
change of variables from u to y, where

5 1/2
du)

/ " emin(0)de

0

/4 — 3u?

(37) y=w()i= -
in the representation of IIy(x,t), there appears the formula
1 2/\/3 .3 : o i(u3
Ih(z,t) = — e tmint gz (3,2 1)/ e e (&) dEdy
27T 1 0
1 uvs o o
- e tfzytezyx(ng _ 1)/ efm(y)gh(é-)dgdy
27T —1 0
L[ sy s
— ezystfzytezyxg(y)dy

21 J o

where p = n(y) is the unique real solution of the equation (B7) in the range
[1,2/4/3], g is the inverse Fourier transform of the function

3y? -1
3n*(y) —1
and Y is the characteristic function of the interval (—1, —1/v/3). Applying Corollary
2.9 of [41] yields that, for a given s > 3/4, there exists a constant C' = C; such that

1) = x(v) /0 e y(e)de,

o 1/2
( / sup|ffz<x,t>|2dx> < Cllglla-ro.
0

t>0

Since

2
dy

||9||%15(R)

/+OO(1 +v°)°

— 00

K@)y (3% — 1) /0 W) d

1

VB 2\s_ 2n 2 2 ?
/ (1+y°)y" 3y — 1) dy
—1

| e sngas

0

IN

Cnllh|l2(r+ys
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one obtains
00 1/2
</ sup |I12(x,t)|2dx> < Cullhllz2(rt)-
0 >0
The estimate for Uy (t)h is thus established. The proof is complete. O
Next is presented a half-line version of Theorem 2.4 in [41] which reveals a global

smoothing effect of Strichartz type for the semigroup W (t). We first consider the
operator U(t) defined by
1

+oo o]
ey A B GE

for any v € L?(R).

Lemma 3.7. For any (0, 5) € [0,1]x[0,1/2] and any T > 0, there exists a constant
Cr such that

T 1/q
(3.8) (/0 IIDaﬁ/QU(tWH%p(m)dt) < CrllYlam)

for any 1 € L*(R) where

o (2
TP =\ 1-0)
Here, by definition, for r > 0,
DU) =5 [ e e [ ey e)dedy,
1

o Lo
Proof. Rewrite U(t)y as UT (t)y + U™ (t)y) with
+oo 3 . 0 .
U (O(o) = 5= [ ettt [ ey (g aga
2T 1 0
and

= %/ ettt t*mtew(u)x/ e’“‘gz/z(f)dfdu.
1 —00

The estimate ([B8) for U ()1 is established in detail. The proof for U~ (t)y is
similar. Write U™ (t)y(z) as
(

U (L) (x) = U )y (x) +Ua ()1 (@) + Us(t)b(x)

U= (t)i(x)

with
1o AVE I
htyota) = 5= [ enimeme [T e my gy
™ J1 0
1 ? i t—ipt _w(p)x Oofif
a(t)ota) = 5 [ et [T ey ey
T J2/V3 0
and

—+oo . oo
Ualto(o) = 5= [ et [ ey icay
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To prove estimate (B3] it suffices to show that

T 1/q
(39) <jﬁ DO /204, (3619, s ) < Crllollemn

for j =1,2,3.
For U (t)1), the argument appearing in the proof of Lemma 3.6 shows this quan-
tity can be written in the form

1 2/V3 3, o )
o) = 5o [ et [y i,
1 _1/\/3 sl . 3y2 -1 o] )
= - ety t*zytezyxi/ e~ W&y (&)dedy
o EmE ©
1 [t

— e tfzytezyxA d
e 9(y)dy

where g is the inverse Fourier transform of the function

aly) = x(y)% /OOO e~ MWy () dg

and  is the characteristic function of the interval (—1, —1/+/3). Applying Theorem
2.4 of [4I] yields

1/q
9/5
([T 100000y ydt) < Clallom < Clolloa

For Uy (t)1, we have

- 5 L

|w2%mwmmﬂ<c/

/ "'“%(é)df‘ dy

Vi AT %)%
2 2 1/2
<ol [ i ( T e ey m&
7 w— )? 7
< C|9llL2(r+)

for any ¢t > 0. Thus we arrive at

T 1/q
88
<A|Dz%mwzwmﬁ> < CT|ll e

On the other hand, the inequality in ([33) with j = 3 is equivalent by duality to
the inequality

1
7

<C(/|ﬂwﬂ$ﬂ),
L2(R+) 0

/wﬁmwwquﬁ

0

where
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Observe that

2

_ w/wf@hﬂ/w/wf@mﬂﬂ@u@iﬁﬂ@ﬁﬁﬂt
0 0 0 0

/wpwm%avuww

0

L2 (RT)

with

H(Clag%tv,r)
+Oo+oo‘3t‘t‘3‘ ‘ ‘ 03/2
_ / / eHIt—ip *WzTJrWzTe*MCl“ruzCzl(‘LLLLLQ) B8/
2 2

. -
« / e(w(;L1)+w(H2))”dde1dH2
0

+ + , . 66/2
_ /OO/ OOemftfimtfwéri+w2r67u1<n+m<zi(/“L)ﬁ/_dmdm)
2 J2 —w(p1) — wlpe)

and, as in (3.5),

w4 /3 —4
o) =~ IV

Again appealing to duality, it suffices to show that there is a constant C' such that
1

|£w‘ <o [Tcon )’

To this end, first change variables to derive the inequality

q

dr
P
L(l

/Of(C%T)H(Cl,@,taT)d@

Li

Amﬂ@ﬂﬂuh@uﬂag

=‘Awﬂ@ﬁ)

+oo oo 0f %ezp?(t—y37-)—iul(t—y7)—iu1((1—C2y)
X </ dm/ My — dy | d¢2
2 2/ 1

py w(pn) + py tw(py)
o0 ﬁ
2
<C / i
o l+y

/OO din /OO Mfﬁeiuf(t*y3T)7im(t*yf)*im(irizy)f(@, 7)dC
2/y 0

X dy.




454

JERRY L. BONA, S. M. SUN, AND BING-YU ZHANG
It follows from this that

/ f(Carm)

ITh(t,T)

<[ &

H(C1, G2, t,7)dC2

LP

<1
o0 ) -
> / dm/ u95ewl(t yoT)—ipa (¢ yT)—wl(Cl—@y)f(CQ’T)d@ dy
2y Jo 2,
0o 08
2
< C / Y
o 1ty
08 ips (t—y°7)—ip1 (t—yT) wl(Cl—ng)f(CQ 7)dCadyiy dy.
2/y JO L;(;
1
If the inequality

/2/ /0 f(z,T)uf’Bei“?(t*y%) ipr (t—y7)—ip1 (¢ Z)dmdz
y

(3.10)

3

LP
<C‘t—y 7'|

<1
I

can be proved, then the preceding inequality gives

=

T[_ 6(B+1)
ITI,(t,7) <C/ |t—y7\ i
from which it follows that

‘ /0001111( T)dr

j

dyl[f (Dl s

q

‘/ I

S

) pordr
/ 2+” 2_6(8+1)
(L ([

1
P

0 1+y

\u
\»—A

dy

Li

q 1/q
<-,T>||Lp/dr) d&) dy
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provided ¢ is finite. This inequality may be extended using a classical integral
inequality (cf. Hardy, Littlewood and Polya [31], Th. 382, p. 288), viz.
+oo
‘/ I1L (-, 1)dr
0

08 1
85 p

%y —1+2-0(6+1) o0 J q
T )
T e,

. . o\
C —d -t 4 dt
/ y1/2(1+y)y</0 GOl )

1

c ( / IIf(-,t)IIqL'p/dt> "

If g = 00, 8 = 0, so p = 2 and the result follows by a separate, but easier argument.

Thus it remains to establish the estimate (3.10) to complete the proof. To
accomplish this it suffices to verify the following claim which yields estimate (B-10)
by simply taking

N

IA

a=0, T=t—yr, t=t—1y°r
and ¢ = f(z,7) in the claim.
Claim. For given y >0, T € R and (0,«) € [0,1] x [0,1/2], define

Soa(x,t) = / ,uo‘ee”Bite_i”Tei’“”du
2/y
and, for ¢ € H?/(1+0),
Lea(t)¢ = SOO{('; t) * (b
It follows that for any t > 0,
(3.11) | Loa(t)dll2/(1—0) < CtOCTV3]18]|5 140y

where C' is independent of t, y and T.
To see if the claim is true, introduce the analytic family of operators

Lotig(t)p = Satip(-t) x ¢

00 ) N ‘ 9 ‘
:/ ‘LLaJrzﬁeu ztefzp‘T/ eilu(17<)¢(g)d<dlll
2/y 0

for (o, B) € [0,1/2] x R. First, it is straightforward to determine that
[Lig(t) Bl L2 (r+y < ClldllL2(r+)

for a constant C' which is independent of ¢, T, y and (. Using the argument ap-
pearing in the proof of Lemma 2.1 in [39] yields

|Satig(@,t)] < C(1+ |8t (@+D/3

for any z > 0 and t > 0, where the constant C' is again independent of ¢, y and 7.
As a result, for a € [0,1/2], there obtains

[ La+ig) @l o (rey < O3 11 ey,

Estimate (3II) is obtained by a straightforward complex interpolation (see [55]
Chapter V, Theorem 41). The proof is complete. O

As a corollary to Lemma 3.7, there follows some related inequalities.
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Lemma 3.8. Given s > 0, there exists a constant C = Cs such that

o0
(/ sup
0 z€ERT

for all h € H(? (RT). Here, by definition, for r >0,

DTWb(t)h = DTUb(t)h + DrUb(t)h

4 1/4
,Ds+1/4 [Wb(t)h] (x)‘ dt) < CHhHH%(R+)

with
1

T o

In particular, for any integer n > 1, there corresponds a constant C' = C), such that

(DT UOA] () = 5= [ e ez — 1) [ e dedp
1

0

S 1/4
(/ sup |D2[Wb<t>h1<x>|4dt) <l o

zeRT 12 (R+)

4n—1
forallh € Hy™ (R*).
Proof. We write D*Uy(t)h as

where the Fourier transform of f is

) = 1l G3? — 1) / e ().

(3.12) [D°Us(t)h] ()

One easily checks that if h € Ho% (R"), then f € L?(R). Thus, applying Lemma
3.7with § =1 and 8 =1/2 to U(t) f(z) yields

) 1/4

([ su 2 uos@ita) < 1l < Cllallys oy
0 zERT*

which gives the inequality required in the lemma using (ZI2). The proof is com-

plete. [l

Attention is now turned to the semigroup W, (t) defined in Proposition 2.1. As
mentioned earlier, the corresponding estimates for W, (¢), which are similar to those
in Lemmas 3.3 to 3.8, may be obtained directly from the integral representation
appearing in Proposition 2.1. However, as pointed out by a referee, there is a
short-cut based on the next observation.

Let a function ¢ be defined on the half line R™ and let ¢* be an extension of ¢
to the whole line R. The mapping ¢ — ¢* can be organized so that it defines a
bounded linear operator from H*(R™) to H*(R) for all s > 0 (see [47]). Henceforth,
¢* will refer to the result of such an extension operator applied to ¢ € H*(R™).
Assume that v = v(z,t) is the solution of

Vg + Vg + Vgge = 0, ’U(.T?, 0) = (b*(l‘)

forz € R, t > 0. If g(t) = v(0,1), then vy = vy(x,t) = Wy(t)g is the corresponding
solution of the non-homogeneous boundary-value problem (Z39) with boundary con-
dition h(t) = g(t) for t > 0. It is clear that for x > 0 the function v(x,t) — vg(z,t)
solves the IBVP (EZT), and this in turn leads to a representation of the semigroup
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We(t) in terms of W4 (t) and Wg(¢), where Wg(t) is the Cop-semigroup in the space
L?(R) generated by the operator A* defined by
A*f: _fl_flll
with domain D(A*) = H3(R) and v(z,t) = Wg(t)¢* ().

Proposition 3.9. For a given s > 0 and any ¢ € H*(R') with ¢(0) = 0, if ¢* is
its extension to R as described above, then W.(t)¢ may be written in the form

We(t)p = Wr(t)g* — Wi(t)g
for any x, t > 0, where g is the trace of Wg(t)¢* at x = 0.

To have appropriate estimates of W, (t)¢, the following trace result related to
the semigroup Wr(¢) is needed.

Lemma 3.10. If s > 0 is given, then there exists a constant C depending only on
s such that

S [Wr()¥(@) oo gy < Cl e ry
for all Y € H*(R).
Proof. Observe that

+oo ., 3 . ~
Wa(t(z) = / 0 (1)

— 00

Il(xat) + IZ(xat) + I3(xat)

with
1
o . V3., s AN
Iy (1) = / STt (), D(a )= [ W () dy,
and

O e

oo

Note that the cubic equation

n=p’—p
has only one real solution 1 = &;(n) when 1/v/3 < 1 < co. By a change of variables,
we may write

Li(z,t) = / it gidr(n)z (3(5%(7)) - 1)71/ 6_51(n)5¢(5)d§dn.
_m — 00

Applying the Plancherel Theorem to I1(z,t), there results

+oo
—2 s ~
(@) < C / 1383 =177 ) |G ()

T3V

2
i

IN

+oo
¢ [ w0 =
5

for all z € R.
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Similar arguments yield the uniform bounds
HI]'(J), .)||H,(,5+1>/3(R) < CHw”Hﬁ(R)
for j =2, 3 and x € R. 0

The following estimates for W, (t) follow from Proposition 3.9, Lemma 3.10, sim-
ilar estimates of Wr(t) obtained in Kenig, Ponce and Vega [41], and the estimates
of W(¢) established earlier in Lemmas 3.3 to 3.8.

Lemma 3.11. For any given s € [0,7/2], there exists a constant C' such that if
¢ € HS(RT) for0<s<1or¢e HJ(RT)NH*(RT) for s > 1, then
sup  [|[We()9l ms(r+) < Clldll ms (r+)
0<t<+0o0

o0 s 2
wp/|%“wwwm\ﬁ§ww%mw
0

zeRt

sup [ DEWe(-)p(@)l| yo—rsnrs ey < Cllllae r)
zERT ¢

fork=0,1, and

00 1/4
</0 ||DS+1/4WC(t)¢||iio(R+)dt> < C||¢HHS(R+)~
In addition, if s > 3/4, then
- 1/2
</ sup |We(t)g(x)|? dw) < CA+T)9lms(r+)-
0 tel0,T]

We conclude this section with a technical lemma which is needed to handle the
non-homogeneous boundary condition.

Lemma 3.12. Let 0 < s < 7/2 and T > 0 be given. Let f(x,t) = e "h(t) where
h € Hé(RT). Then there exists a constant C such that the function u given by

t
u(e.t) = [ Wit n)fC.r)dr
0
obeys the inequalities
) 1/2
sup ||u(, t)|| gspry + ( sup |[J5  u(z, t )
O§t<+oo|| ( )HH (RT) xeR+H ( )HL%(RH

1
+ Z sup ||D];UHH§s—k+l)/3(R+)

h—0TERT
oo 1/4 oo , 1/2
+ (/ ||Ds+1/4u(x,t)||‘£;o(R+)dt> + / sup |u(z,t)|” dx
0 0 t€[0,7]
Cllhll 2 (r+) for 0 < s <2
<

C||h||H(S—2>/3(R+) for2<s< 7/2.
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Proof. Let v(z) be an extension of e~® from RT to R such that ¢ € HS(R). Then
we may write u(x,t) as

u(a, 1) = / Wit — 7)o (Ih(r)) (z)dr — / Wi (0)(- — 7)) (z)dr

where g(t) is the trace of Wgr(t)y(-)h(r) at © = 0. By switching the order of
application of the linear operator W, (¢) and integration with respect to 7, it appears
that u(x,t) = w(z,t) — [Ws(t)g](x) with

wiz, t) = /Ot Wit — 7)(-)h(r)dr
and g(t) = w(0,t). Note that w(x,t) solves
wi(x,t) = —wy(z, 1) — Wage (z, 1) + Y(x)h(t), w(z,0) =0
for z, t € R. Applying the estimates of the z-derivatives of w(z,t) obtained in [41],
it is straightforward to see that
gl 2 (r+y = lw(0, )1 (r+) < CllPllL2(r+)

and

9@ 2(rey = [lw(0, )52 (m+) < CllAllEr (R

Standard interpolation theory then implies

(3.13) 9@ mrr+2(rey = lw(0, )l r+s(re) < CllAlpe(r+)

for 0 < s < 1. The classical estimates for w obtained in [41] together with Lemmas
3.3 to 3.8 for Wy (t)g yields the inequality in the lemma. O

4. LOCAL WELL-POSEDNESS
Considered in this section is the fully nonlinear initial-boundary-value problem

Up + Uy + UUy + Ugyy = 0, for x, t >0,
(4.1)

u(z,0) = ¢(z), u(0,t) = h(t).
for the KdV equation. Solving (@) will be shown to define a continuous mapping
from the product space H*(R*) x H+1/3(0,T), from which the auxiliary data
are drawn, to the space C([0,T]; H*(R™)) where the solution u resides if s > 3/4,
at least for small values of T. This is a result of local well-posedness. While the
arguments leading to our result are a little involved, they follow from the estimates
put forward in Section 3 together with standard modern ideas for dealing with
nonlinear dispersive wave equations.

The development begins with the introduction of several seminorms and some

Banach spaces as in the paper of Kenig, Ponce and Vega [41]. For given s > 0,
T > 0 and any function w = w(z,t) : RT x [0,T] — R, define

A (w) = sup |lw(-,t)llgs(r+),
0<t<T

1/2

T
AQT,s(w):<8up/ IJEHW(%t)Ith) ;
0

zERT
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+ sup || Dow(r, )

Af (w) = sup [lw(z,-)|
z€Rt

ceR+ It 0.1

s+1
H55 (0,1)

T 1/4
AT (w) = (/ sup |wa(x,t)|4dt> ,
0 z€ERT

- 1/2
A (w) = (/ sup |w(x,t)|2da:> .
0 te[o,T]

ALs(w) = max{A] (w), A3 (w), Az (w)}

In addition, let

and
Ar,s(w) = Al (w) + Af (w) + AF (w).

It is convenient to summarize the linear estimates established in Section 3 in
terms of these quantities. This reinterpretation is stated as a set of four lemmas.

Lemma 4.1. For a given s € [0,7/2] and T > 0, there exists a constant C' depend-
ing only on s such that

A s (We(t)g) < Clldllms(r+)
for ¢ € H(RT) if s <1 or for ¢ € HY(RT) N H*(RT) if s > 1;
A (Wy(t)h) < C|IR| greesnyss(rey

for h e Hésﬂ)/B(R"’);

A, (/Ot We(t — T)f(xﬁ)d7> < C/OT 1 Com) e (e ydr
for f € LY(0,T; HS(RY)) if s <1 or for f € LY(0,T; H:(RY) N H*(RY)) if s > 1.
Lemma 4.2. There exists a constant C' such that for any T > 0,
AL (We(t)p) < Clloll sz ry
for ¢ € Hy*(R*);
AL (Wy(t)h) < Ol 20,1

for h € HY*(R*);

K T
AT ([ wett=mistemiar) <€ [ 15 wngurar

for f € L}0,T; HY*(R)).
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Lemma 4.3. For any s > 3/4 and T > 0, there exists a constant C' depending
only on s such that

AT (We(t)¢) < C(L+T)|6]l ms ()
for any ¢ € H*(R™) with ¢(0) = 0;
AF (Wi (t)h) < C(1+ T)|[hll g s ry

for any h € HETY/3(RT) with h(0) = 0;

A7 ([ wte - semar) < 0 ) 176 e

for any f € LY(0,T; H*(R")) with f(0,t) =0 for 0 <t <T.

Remark 4.1. In the above inequalities, the condition s > 3/4 is sharp in the sense
that the estimate fails if s < 3/4 (cf. [41]).

Lemma 4.4. Let f(x,t) = e *h(t), and let T > 0 be given. For any s € [0,7/2]
and € > 0, there exists a constant C' depending only on s such that if 0 < s < 2,
then

t
A7 s (/ We(t - T)f(xaT)dT> < CA+TY?)|hllL20,m)
0

for any h € L*((0,T); if 2 < s < 7/2, then

t
_ 1/2 1/2
e ([ W= (i) < (TP M + 0+ T2 )

for h € H(0,T).
Consider the initial-boundary-value problem

Ut + Uz + Ugze = f, forz, >0,
(4.2)
U(IE, 0) = ¢(x)v U(O,t) = h(t)

The preceding lemmas imply the following estimates for its solution wu.

Proposition 4.5. Let s > 0 and € > 0 be given. There exists a constant C' de-
pending only on s and on € when it appears, such that for any T > 0,
(i) for0<s<1/2,
T
A () < C | dllasrey + IRl s ss gy +/0 ILf GO s (rydt |
(ii) for 1/2 < s <2 and ¢(0) = h(0),

T
M w) < C <||¢|H5(R+) + 1l g8 ey +/o ||f('at)||HS(R+)dt>

+ C (1 + T1/2) 170, )l 20,13
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(iii) for 2 <s <3 and ¢(0) = h(0),
T
M (w) <C <|¢||HS(R+) + 2]l gest1/8 () +/0 ”.f('vt)”Hs(R‘*')dt)

+C(1+1Y2) 150, )]

.
H,® (0.T)

(iv) if 6(0) = h(0), then
T
Af(u) <C <||¢|H1/2(R+) + |2l 12 () +/0 ”f('at)”Hl/?(R‘*')dt)

+ OB+ TVFO. )z
(v) if (0) = h(0), then

T
M) < c<|¢||HX+E(R+)+||h||H;2+€(R+)+ / IIf(-,t)lng+<(R+)dt>

+ CTY2|£(0,) 2(o,m)-
Proof. For 0 < s < 1/2, the solution u of (L2) is given by

@3)  u(mt) = Wat)e() + / Wt — 1) f (2, 7)dr,

whereas for 1/2 < s < 3, by Proposition 2.3, if ¢(0) = h(0), then its solution u can
be written as

u(z,t) = We(t)di(x) + /0 We(t—1) (f1 (x,7) +e “f(0,7) + 26_”_7h(0)) dr

+ Wo(t)ha] (@) + e~ *"h(0)
with
p1(z) = ¢p(x) — e "0(0),  fi(z,t) = f(z,t) —e " f(0,1)
and
hy(t) = h(t) — e *h(0).

The advertised estimates then follow by combining the estimates in Lemmas 4.1—
4.4. O

For any T" > 0 and s in the interval 0 < s < 3, let Z7, be the collection of all
functions u € C([0,T]; H*(R™)) satisfying

A o(u) < o0 if0<s<1/2;
M o(u) + AT (u) < o0 if1/2 < s<3/4

Ar,s(u) < oo if3/4<s<3.
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For v € Z%, define its norm ||v|

zs as

A{S(v), if0<s<1/2
lvllzs = A{S(v)+A4T(v), if1/2 < s<3/4;
Ar,s(V), if3/4<s<3.

The space Z7 possesses the following property which is one of the keys to establish-
ing the well-posedness of the initial-boundary-value problem under consideration.

Lemma 4.6. Let 3/4 < s < 3 and T > 0 be given. For any u, v € Z5, uv, €
L2(0,T; H5(R")) and

(4.4) vzl 20,510 (r+Y) < Cllullzs v zs.

where C' depends on s, but is independent of T, u and v.

Proof. We prove (@A) for 3/4 < s < 1. The proof for other values of s is similar.
Since

Huvx||2L2(o,T;Hs(R+))

T
:AHMM%@w%th

T
+An@w@muwmmmﬂm

and it is straightforward to deduce that

T
IOl ey <l ol
it is only necessary to show that
g 2 2
2
/0 12 (s )va (-, )22 (mrydt < Cllullz vl Z;.-
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To this end, argue as follows:
T
|12 )
T 00 o]
= / / 7~ (2s+1) / lu(z + 7, )vg(z + 7, 1) — u(x, t)vg (x, )| dedrdt
o Jo 0

[e.e]
< / / —(2s+1) / lu(z +7,t) — u(z, t)|* |va (@ + 7, t)|* dedrdt
T 0 ']
+2/ / T—<23+1>/ e (@ 4 7, t) — va (2, 8)| |u(z, t)|* dedrdt
0 0 0
00 T 00
< 2/ / / 7 |y (2 4 7, 8) — v (2, 8)|? Ju(a, t)|? drdtda
0 0 0
T e} oo
+2/ ||vm(',t)||%w(R+)/ T—<23+1>/ lu(z + 7,t) — u(x, t)|* dedrdt
0 0 0
oo
< 2/ sup |u(z,t)] / / 7 |y (@ 4 7, t) — v () t)| drdtda
0 o0<t<T
T e}
+2/ [|va (-, )IILw<R+>/ _<23+1>/ lu(z + 7,t) — u(z, t)|? dedrdt
0
oo
< 2/ sup |u(z,t)|* dz sup / / “Cst D (x4 7, 1) — v (a, ) drdt
0 O0<t<T zeRt
T e}
+2/ ||vx(.7t)||Lw(R+)/ <28+1>/ lu(z + 7,t) — u(z, t)|* dedrdt
0 0 0
< 7.
The proof is complete. O

Lemma 4.7. Let s € [0,3/4] and T > 0 be given. Then for any u € Z% and
v € Z%, w, € L2(0,T; H¥(R')) and

(4.5) ||(Uv)x||L2(o,T;Hs

where C' is independent of u and v.

Proof. The proof is similar to the proof of Lemma 4.6. O

As in many initial-boundary-value problems, some compatibility conditions are
needed for relating the initial data ¢ and the boundary value h. A simple compu-
tation shows that if u is a C*°-smooth solution of ([@I]) up to the boundary, then
its initial data u(x,0) = ¢(x) and its boundary value u(0,t) = h(t) must satisfy

(4.6) o1 (0) = hi(0)
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for k=0, 1, ---, where hy(t) = h*)(t) is the k-th order derivative of h,
oo(x) = ¢(z), and
(4.7)
o) = — (B4 (2) + ¢y (2) + S35 [05(@)on—s 1 (2)])
fork=1,2,---.

Definition (s-compatibility). Given T > 0 and s > 0, we say that (¢,h) €
H*(R*) x HHD/3(0,T) is s-compatible if

¢k(0) = hi(0)
for k=10,1,---,[s/3] —1 when s — 3[s/3] < 1/2 and for k =0, 1,---,[s/3] when
s—3[s/3] >1/2.

Here is the local well-posedness result for the problem (BTI) that is the ultimate
focus in this section.

Theorem 4.8. Let T > 0 and s € (3/4,3] be given. For a pair of s-compatible
functions ¢ € H*(RT) and h € H+9)/3(0,T), there exists a T* € (0,T] depending
only on |||l s (r+y + M|l ga+1/3(0,7) Such that the problem ({1]) admits a unique
solution u € Zi..

Remark 4.2. The proof given below shows that the solution map

(,h) — u

from H*(RT) x HG+HD/3(0,T) — Z2., is Lipschitz-continuous. It will be shown
later in Section 6 that this map has much stronger regularity; namely, it is real
analytic.

Proof. For the given s-compatible pair (¢,h), let 0 < 8 < T and r > 0 be two
constants (to be determined later) and define

Spr={we Zz: w(0,t) =h(t), wx0)=da(), I[w]

zy <}

The set Sg,r is a closed subset of the space Z3. According to Proposition 4.5, for
any v € Sg s, the linear problem

Up + Uy + Ugge = —VV,, forz, t >0,
(4.8)
u(z,0) = ¢(x), u(0,t) = h(t)

has a unique solution u € Z3. Thus (LX) defines a map I' from 75 to Zj, say
u="T(v)

for any v € Z3. In addition, for any € > 0, there exists a constant C' such that

Ag,s (D)) < C (9]l = (r+) + ||h||H<s+1)/3(o,T))

B
+C </O lo(, 7)ve (- 7) | s (reey dr =+ 1|0 (0, vz (0, ')||L2(0,/3)>
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if3/4 < s<2and
B
Ags (I(v) < C (/0 [oCsm)ve ()l e (reydT + ||¢>|Hs(R+)>

+C (82 + B[ (0, )0 (0, )|
if 2 < s <3. By Lemma 4.6, it is known that

A, e

. om)
H™3 (0,8) 3 (0,1)

163
/0 [0 Y o ) ey dr < CBY2 Aga(0)Aga (0).

In addition, for 3/4 < s <2, it is clear that

5 1/2 5 1/2
( / |vx(0,t)v(0,t)|2dt> ( / |vx(0,t)h(t)|2dt>
0 0

P 1/2
c (/ va(O,t)Ith> Pl re+730,7)
0

CBY* M, () |kl gresv/5 0,7)-

IA

IN

If 2 < s < 3, then

s

5—s
CHe 0z(0,-)0(0, ) e+ar9(0,5)

IN

[[02(0,-)0(0, )| zre=21730,3)

< OB Ags(v)Ags(v).

Combining the above estimates yields

Aps (0(©)) < C (6l (rey + bl zrasossry + (874 + 81203, (v))
for any s € (3/4,3] and 0 < 8 < T'. Here C is independent of ¢, h and 3. Setting

(4.9) r=2C (|6l g=(r+) + 1Bl ga+asso.r))
and choosing 3 € (0, 7] such that
(4.10) C (61/4 + 51/2> r<1/2,

it is seen immediately that

Ags (T(v) <r for any v € Sg,, .
Thus T is a map from Sg, to Sg, if 3 and r are chosen according to (£.9) and
(EIQ). A similar argument shows that for such 8 and r,

Ao (D(01) = T(02)) < 5Aa,0(01 — v2)

for any vi, v2 € Sg,». Thus I' is a contraction from Sg, to Sg,. Its unique fixed
point is the desired solution of ([1]); it is defined on the temporal interval [0, §]. O

The next step is to extend Theorem 4.8 to the case where s > 3. First, the
definition of the space Z7 is extended to values of s > 3. For s > 3, write s in the
form

s=3m+s
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with m = [s/3] or m = [s/3] =1 and 0 < s’ < 3. For a given 7' > 0 and such
a value s, let Z5 be the collection of all functions u € C™~1([0,T]; H*(R")) with
mu e C([0,T); H* (RT)) satisfying

m—1

2y + D I0Full 25 < +oo.
k=0

lullzz = 135"l
Theorem 4.9. Let T > 0 and s > 3 be given with s = 3m + s’ where m =
[s/3] and 0 < s < 3. For any given pair of s-compatible functions (¢,h) €
H*(R*) x HEHD/3(0,T), there exists a T* € (0,T] depending only on ||@|| g+ (r+) +
12l gres+1) 0,7y such that (1) admits a unique solution u € Zj...

Proof. As in the proof of Theorem 4.8, for the given s-compatible (¢, h) € H(RT)x
HGTD/3(0,T), let 3 € (0,T] and 7 > 0 be two constants to be determined and let

Spr={we Z5 w(0,t) = h(t), w(z,0) = ¢(x), ||w] z5 < r}.
The set Sg,, is a closed subspace of Z3. Define the map I" from Zj to Zj by
u="T(v)
where v € Zg s and u is the unique solution of the linear problem
Ut + Uy + Ugpgpy = —VV,, for z, t >0,
u(z,0) = ¢(x), u(0,t) = h(t).

As above, it will transpire that if 3 and r are appropriately chosen, then I' is a
contraction map from Sg, to Sg ..
The proof of Theorem 4.8 implies that there is a constant C' such that

(411) Mg (@) < C (1@ Bl oy s o,y + (B2 + BN 5(0) )

Let w®) = 9FT'(v) for k = 1,2, ---,m. The function w*) solves the initial-
boundary-value problem

w§k) + wg(ck) + wg(cljc)x = —(0F(vv,), foraz, t >0,

w® (z,0) = ¢p(x), w® (0,t) = hy(t),
for k=1, 2, --- ,;m. By Proposition 4.5, there is a constant C' such that

Mo (00) < C (160 ) lars ey s o) + 108 @)l o o)

for k=1, --,m— 1. In addition, we know that
X () < C(I6mll sy + Mol zesrss 0.

IO (vl s 0,15 )
if0<s <1/2;

Mo () + 87 () <€ (Imllier ey + Mol gersss0,) )

+C (107" o) o gy + 1O @0 ) 0, )l 1200
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it1/2 < s’ <3/4;

Ao (00) < C (I6mllae ey + om0, )

0 (107 )l o e ey + 18 @00, Dl 200,
it 3/4 < s’ <2; and

Ao (0) <€ (I6mllare ey + om0, )

+C (||8tm(vvx)||L1(o,5;Hs’(R+)) + ||(8tm(vvx))(07t)||H(S—2>/3(O,,B)>
if 2 < s <3. Since v € Z}, by repeated application of Lemma 4.6, there follows
the inequality

k
k ki
||3tk(vvx)||L1(o,ﬁ;Hs’(R+)) < 051/22 ( j ) ([ (87 vo; ]U)x||L2(o,ﬁ;Hs’(R+))

Jj=0

k

<061/QZ< >/\63 v)As.3(0) 7 v)

< CBY2|v|1%s

for k=1, .--,m — 1. Similarly, using Lemma 4.6 and Lemma 4.7, it is seen that
||8tm(vvx)||L1(O,,B;Hb (Rt)) = Cﬁl/QHUHQﬁ-
Furthermore, it is straightforward to show that

107" (002))(0, ) 120,y < CBY* 0]l

when 1/2 < s’ < 2, and that

107" (002)) (0, Ol 2175 0,8) < C(BY2 + Y|l

when 2 < s’ < 3.
Those estimates, together with (ZIT) yield

IT@z5 < C (166, W) lar=(rsyresrsgomy + (842 + B4l )

The remainder of the proof is the same as the culmination of the proof for Theorem
4.8. The theorem is thereby proved. O

By writing the equation in (£I)) in the form
Ugpgr = —Ut — Uy — Uly,

one sees that if both u and u; belong to the space C([0,T]; H*(R")) for some
s > 1/2, then u € C([0,T]; H**3(R")). Thus the following theorem is a direct
consequence of Theorem 4.8 and Theorem 4.9.

Theorem 4.10. Let T > 0 and s > 3/4 be given. Then for any s-compatible pair
(p,h) € H*(RT) x HEHV/3(0,T), there exists a T* € (0,T] depending only on
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(0 )| s (r+yx s+ 730,y Such that (1) with initial data ¢ and boundary data
h admits a unique solution

u € Z5. NC([0,T*]; H¥(RT))
with OFu € C([0,T*]; H*=3%(R*)) for k=0, 1,--- ,[s/3].

5. GLOBAL WELL-POSEDNESS

The well-posedness results presented in Section 4 are local in the sense that
the length of the time interval [0,7*] on which the solution exists depends on
the quantity [|4||zsr+) + [[hll ge+1/30,7)- In general, the larger is [|@|| s (r+) +
[2ll a1 /30,1y the smaller will be T*. However, if 7% = T' no matter what the size
of [|¢|l s (r+y + 1Ml +1)/2 0,7, the initial-boundary-value problem (&) is said to
be globally well-posed. With local well-posedness in hand, it is well understood that
one need only establish a priori global H*(R™)-estimates for the smooth solution
u of (EI) to show that ([@I) is globally well-posed.

In this section, aided by the smoothing properties established in Section 3, a
range of a priori estimates is provided and these are established under the same
hypotheses as those used to prove the local well-posedness when s > 3, while a
slightly stronger assumption on the boundary data h is employed when 1 < s < 3.
The theory begins with H*(R™)-bounds in the range 1 < s < 3.

Theorem 5.1. Let T > 0 and s € [1,3] be given. Then there exists a continuous
non-decreasing function oy : RT — RT such that for any smooth solution u of

1),

(5.1) 5 o)y < e (19l + Iz ) )

Two important tools will be utilized in the proof of this theorem. One is the
smoothing properties of the equation established earlier. These will be used to
recover the regularity lost through taking boundary traces. The other is nonlinear
interpolation theory as expounded in Tartar [57] and Bona and Scott [§], which is
the key to obtaining the estimate (G1) for 1 < s < 3.

Here is a précis of the (real) interpolation theory as it will be used below. Let By
and B; be two Banach spaces such that B; C By with continuous inclusion map.
Let f € By and, for ¢ > 0, define

K(f,t) = inf {lf = gll5, +tllglls, }-

For 0 <6 <1and1<p<+o0, define

oo 1/p
op = (/ K(f, t)pt—ep—ldt> < +00
0

with the usual modification for the case p = +00. Then By, is a Banach space
with norm | - |g,p,. Given two pairs of indices (61,p1) and (62, p2) as above, then
(61,p1) < (62, p2) means

[Bo, Bilg, = Bop = {f € Bo: ||/l

91 < 92, or

01 = 65 and p1 > po.

If (61,p1) < (62, p2), then By, ,,, C By, p, and the inclusion map is continuous.
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Theorem 5.2. Let Bé and B{ be Banach spaces such that B{ - Bé with contin-
wous inclusion mappings, 7 = 1, 2. Let X\ and q lie in the ranges 0 < A < 1 and
1 < q < 4o00. Suppose A is a mapping such that

i) A: B}\q — B2 and for f, g € B}\q,
IAf = Agllsz < Colllfllpy , + llgllsy IS — 9l 5

and
ii) A: B} — B? and for h € B}

| AR5z < Cr(lAllpy )l 5.
where Cj : R™ — R™ are continuous non-decreasing functions, j =0, 1.
Then if (0,p) > (A, q), A maps Bé’p into Bg’p and for f € B;’p
1A 52 < CU s I fls;
where for r >0, C(r) = 4Co(4r)=0C1(3r)?.

Remark 5.1. This theorem is identical with Theorem 2 of Tartar [57] except that
Tartar makes the more restrictive assumption that the constants Cy and Cy depend
only on the Bj norms of the functions in question. Theorem 5.2 was used by Bona
and Scott [8] to provide the original proof of global well-posedness of the pure
initial-value problem for the KdV equation on the whole line in fractional order
Sobolev spaces H*(R).

Nonlinear interpolation theory as embodied in Theorem 5.2 will be used to prove
the estimate (B.1I).

Proof of Theorem 5.1. For T > 0 and 1 < s < 3, let

Vi ={(¢,h) € H*(R*) x H (0,T)| $(0) = h(0)}
T (0,T). To apply

with the inherited norm from the product space H¥(R") x H 12
Theorem 5.2, choose

By =Vy, Bi=V}, B =C(0,T;H(RY)), Bi=C([0,T];H*R")).

Let A be the solution map for the IBVP ([@I)): u = A(¢,h). For a given s with
1 < s <3, choose p=2 and 0 = (3 — s)/2, so that

B2, =C([0,T; H*(R")) and B, =Vi

The following two propositions are needed to assure both the hypotheses (i) and
(ii) in Theorem 5.2 are satisfied in the present context.

Proposition 5.3. For a given T > 0, there is a T-dependent and non-decreasing
continuous function ar : RT — R such that any smooth solution w of (1)
satisfies

(5.2) sup |lu(- )|l (ry < ar([[(d,h)][vp)-
0<t<T

Proposition 5.4. For a given T > 0, there is a T-dependent and non-decreasing
function ar : RT — RT such that any smooth solution u of satisfies

(5.3) sup |lu(, )| zsr+y < ar([[(o, h)lv) (6, h)[lvz-
0<t<T
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If Propositions 5.3 and 5.4 are valid, then hypothesis (ii) is assured by (&3). To
see hypothesis (i) is also satisfied, let u; and us be two smooth solutions of the
equation in (EI) with

us(,0) = b5(@),  uy(0,8) = g5t
for j =1,2 and let z(z,t) = u1(z,t) — u2(x,t). Then z(x,t) solves
2zt + 2o + (a(x,8)2)z + 2202 =0, x>0, t>0,
@,0) = 61(2) — ala),  2(0,6) = g1(t) — galt)

where a(z,t) = 3 (w1 (z,t) + uz(z, t)). It follows from estimate (5:2) and Theorem
4.9 that a € Z} and

lallzy, < ar (W1 90)llvg + 12 92) vy ) -

Then, by Proposition 6.1 in the next section, which is proved independently of the
present considerations, we have that

sup |[ui(,t) —u2(, )| g1 (rey < ar (||(¢1791)||VT1 + ||(¢2,92)||VT1>
0<t<T
x[[ (1 = P2, 91 — g2) v

Thus Theorem 5.1 follows by a direct application of Theorem 5.2. O
Consideration is turned to proving Proposition 5.3 and Proposition 5.4.

Proof of Proposition 5.3. For a smooth solution v of ([@I), write it in the form
u=w+v+ g(z,t) where g(z,t) = e *"*h(0), v solves

Ut + Vp + Vg =0, for x, £ >0,
v(z,0) =0, v(0,t) = h*(t) = h(t) — e *h(0),
and w solves
(5.4) Wy + Wy + wWwy + (VW) + (gW)z + Waze = Y (2, ) — (gV)2 — vz
with Y (z,t) = 3g(x,t) + ¢g*(z,t) and with the auxiliary conditions
(5.5) w(x,0) = ¢*(x) = d(x) — e “P(0) and w(0,t) =0.

By Proposition 4.5 and the third part of Lemma 3.11, there is a T-dependent
constant Cr such that

[0l z. < Crllhllg2rs0ry and

(5.6) T 1/4

(/ sup vax(x,t)l“dt) < Crllhllgs/s(0.1)
0

z€ERt
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for any (¢, h) € V5. Multiplying both sides of (54) by 2w, integrating with respect
to = over (0,00), and integrating by parts appropriately, there obtains

% h w?(z,t)de + wi(0,t) = /Ooov(m,t)vx(x,t)w(m,t)dx
- /OO v (, t)w? (z,t)dx
0
(57) +2 /OOO (Y(i[:,t) - (g(xat)w(xvt))l’ - (g(x,t)’u(x,t))x)w(x,t)dx.

Holder’s inequality gives

// |vxfc7|w(:c7)dxdt</ sup|vxfc7|/ 2(x, 7)dxdr
0 zeRt

¢ 1/4 o 3/4
< ([ s teateriar) ([ e ir)

0 zeRt

3/4
8/3

< oy (| ot ir)

3/4
4/3
< llzy sup oty [ Tl e )

t 1/2
< Crllolzy sup oD lzacuy ([ TGl e

t
// v(x, T)vg (x, Tw(z, 7)|dedr < /||1)(',T)||%I1(R+)”w(',7')HL2(R+)dT
0

IN

t
o1y [ e lzzgeyr

Similarly, one has

/ / 9(z,7)|w*(z, 7)dzdr < ||| (r+) / / (x, T)dxdT,
1/2

/ / (z,)w(z,t)|dzdr < CT||¢HH1(R+) (/ / (x,7 dxdT> ,

t [e’e]
/0/0 |(g(z, T)v(z, T))sw(x, T)|dwdT
1/2
< Crllélan o llvll 2 (// dexdT) |
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Integrating (577) with respect to the temporal variable over [0, ¢] and combining the
above inequalities with (&6) allows one to infer that

[e%¢} t 1
| wrnde+ [udo.mir <5 s o) s
0 0

0<r<t

t t
g+ / (Pl 2 (s ydr + / oo )2 s
0 0

t
< 5 sup [Jw(, 7)llFaae) + a0 +a3/ lw(, IZa(redr,
<t 0

for any ¢ € (0,7, where o, j = 0,1,2,3, are constants depending only on T' and
[[(#,7)|ly,. Consequently, it transpires that

t
(5.8) sup Ol + [ 0.0 < or (I61)z).

0<t<T

Next, multiply both sides of (4] by —2w,, — w?, integrate over Rt and (0,t)
with respect to x and ¢, respectively, and integrate by parts appropriately to reach
the formula

[e'e] t [e'e] oo
/ wi(x,t)dx+/ w2, (0, 7)dr :/ |Dmd>*(x)|2dx+%/ w? (2, t)dz
0 0 0 0

—5// (T, T)we (T, T dwdT—Q// Voo (2, T)w(z, T)we (z, 7)dzdT
—2/ / Vo (z, TV (2, T)Wwy (z, T)dxdT + = / / v (T, T ,T)dxdT

/ / Ve (z, 7)o (2, T)w? (x, T)dl'd’]’*/ v(0, w2 (0, 7)dr

/ (0, 702 (0, 7)1 (0, 7)dr — 2/ (0, )ws (0, 7)dr

+2// Yl'T’wzl'TdCL'dT*// Y(x,7)w mT)dach
t oo
—2/ / Gaa(z, T)w(z, T)wx(x,T)d.TdT—3/ / ga (2, T)w(z, 7)dzdr
o Jo
/ g(0, T)wx(O T)dT + = / / gz (x T)w (z,7)dzdT
—2/ / oo (T, T)wy (z, 7)dxdT — 4 / / o (T, Tz (2, T)we (x, 7)dxdT
t [e's}
72/ / 9(z, T)Vza (2, T)wz (z, 7)dadr
o Jo

(5.9) 9 /O *160(0, 7)0(0,7) + 9(0, 70 (0, 7] wa (0, 7).
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For any t € (0,T], the terms on the right-hand side of equation () may be
estimated as follows:

v (2, T)w? (x, T)dadr

t
S/O lw(, D ey lva (Dl 2y llw( T L2 g dr

t
<lollzg sup Tl | ool o
_T_

/0lt /OOO v(z, T)ve (@, T)w? (2, 7)dwdT

t
S/O lw(, D ey lloC L2 (o lva (- Tl 2 dr

t
<ol [ i edr

t o]

V2 (2, T)wy (z, 7)dxdr

/Ilvz s Lo o) lo2 (5 Dl L2 (r4) [[wa (5 7) | 22 (R4 dT

1/4
4/3
</ ”wz y T L/z(R+)d >

3/4

t
< sup o)l o ( / ||vx<~,7>||‘zx(m>df)

0<r<t

. 1/2
< Calplly, ([ 1wt nerdr)

Vg (@, T)w(z, T)Wy (z, 7)dxdr

< | ||vm<-n>||Loo<R+>||w<~,T>||%p<R+>dT
t 3/4
< ( [ one df) ( / o) R+))

3/4
< Crlllrnory s ot sy [ TG
1/2

< Crlllhrony s oty ([ TG
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(X, T) Vg (2, T)wy (2, T)dadr

t
< [ I G gy s ) e dr
0

‘ 1/2
< ( [ I e df) ( / s (722 R+>d7>

/ lwe (-, 7 ||L2(R+)d7+/ sup v2(x,7)/ v2 (@, 7)drdx
0 0

0<r<t

t [ee]
/||wm ; ||L2(R+)d7+ sup /Uix(x,T)dT/O sup v*(z,7)dx

0<z<+o0 JO 0<r<t

/ oy Py dr + 10l

/ w?(x,t)dx
0

and

A
€

GOl ey w12

IN

ZHU}(', Oz ey + 1wl Dl 22(rey-

In a similar vein, one obtains the following inequalities:

/ / (z,7)|w? (z, T)dxdr < Cr||(¢, h Hvl/ ||’U}||L2(R+)d7'

1/2
[ [ et mrunte s < ool ([ ot lgundr)
t 00
| [ 0t @ idear

t
=< Ih(O)I/O lw(, D)l ey lw( T2 g ydr

t
< Wliassioy 0 Gy [ 67l sy

/ot /0Oo |9ae (2, T)w (2, T)wy (2, 7)|d2dT

t
< Crllhllg2/20,1) Oiugtllw(ﬂ)llw(zm/o [wa (-, )| 2+ dT3

/ / 192 (2, ) (2, )l < CorllBll srass o1 / (7 2 s
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/ / g(x, T)v(x, 7)), w?(x, 7)|drdr < Ct”UHZT/ [lw(-, )|\L2(R+)d7

/ / 9(2, T)Vgo (z, )Wy (x, 7)|dxdT

o 1/2 1/2
< Crlh(0)] (/ sup |vgz(x, 7] da:) (/ / (x,7 dmdr)
0 0<r<t
t e} t
[ [ gavyawaldndr < Crlollzy, [ luellagnsdr
0 0

In addition, the integrals corresponding to boundary traces need to be bounded:

and

/01t v(0, 7)w2(0, 7)dr

< sup |’UOT|/ (0,7)d
0<r<t

IN

ol / w20, 7)dr:
0

/ v(0, 7)v, (0, T)w, (0, 7)dT
0

< Jloll ( / t v3<0m>dr) v ( / t wﬁ(o,r)dr>

1/2

t
<oy ([ wnar)

t
/0 [¥ (0, 7)wa (0, 7)ldr < 3 (0l zasaory + I01312/5 0,7

1/2

1/2

“(/ t w0, 1)Pdr)

/ 1900, 7) [ (0,7)| dr < |(0) / e (0, 7) 2
0 0

and

/0 192(0,7) [v(0, 7) + v2(0, 7)] we (0, 7) [ d7 < Cr| R (0)|[[v]] 23

<(f t s 0.7)ar

1/2
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Combining the above estimates yields the inequality

t
o D12 e + / w2, (0,7)dr

1 t
< 5 sup [l D)oy + a1+ a2 [ [l gunydr
0<7r<t 0

valid for any ¢ € [0,7], where the a;, j = 1,2, depend only on T', |[¢|| g1 (r+) and
Al gr5/6(r+y- As before, there obtains from this integral inequality the bound

T 1/2
sup |lw(-, )|l (r+) + (/ wﬁx(07t)dt> < ar([[(¢, h)[lv;)-
0<t<T 0

The proof of Proposition 5.3 is complete. |

Proof of Proposition 5.4. Observing that
Ugpr = —Ut — Uy — Uly,

we are naturally led to search for a global L?-estimate on u; instead of attempting
to derive a global L2-estimate for u,,, directly. As observed already in [5} 6], there
is a crucial advantage to this approach in terms of the boundary traces that arise
in the analysis.

If v = uy, then v solves

Ov + 0,0 + Oz (uv) + 92v =0, for z,t >0,

(5.10)
U(J?, O) =¢ (J)), U(Oa t) - hl(t)a
with ¢1(x) = —¢'(x) — ¢(z)¢' () — ¢"'(x) and hi(t) = h'(t). We show that
(5.11) sup ||o(-,8)[[2r+) < ar(ull z2) (1Pl grivsrey + 91l 2R+ ),
t€[0,T]

which, together with (52)) is equivalent to the desired estimate (B3).
Rewrite v as v = w + 2z with w solving

Wy + Wy + Weee =0, for z, t >0,
w(z,0) = ¢1(x), w(0,t) = hy(t).
It follows that z is a solution to the initial-boundary-value problem

Opz + Oz + 0y (uz) + 022 = —(uw),, forxz, t>0,
(5.12)
z(x,0) =0, z(0,t) = 0.

By Proposition 4.5, there is a T-dependent constant Cp such that

r 1/2
sup ||’w(-,t)HL2(R+) -+ sup (/ |wx(m,t)|2dt>
0<t<T z>0 \ Jo

(5.13) < Cr (161l Le(rry + 1hall s omy) -
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Since
// |we (, t)u(z, t)|*dedt = //|wmxt (z,t)|*dtdx
§/ sup |u(x,t)|2/ |we (, t)|*dtda
0 0<t<T 0
T oS]
<swp [ uale 0 [ s uGe oo
2>0.Jo 0 0<t<T
2
< CrllulZs (le1ll 2y + 1hall s o,m))
and

T 9] T 9]
/ / |w(:c,t)ux(x,t)|2dxdt§/ sup |um(:c,t)|2/ lw(z, t)|*dzdt
o Jo 0 0

zERT

[e’e) T
< swp [ oPde [ sup fuse 0P
0 0

0<t<T zERT

2
< OrllullZy (l1llczrey + Pl rsom)

it is seen that

T 1/2
(5.14) </O ||(uw)$||2L2(R+)dt> < Crllull zg. (61l 2rey + 17l g1 0,m))

for any 7" > 0.
Next multiply both sides of the evolution equation in (5.I2) by 2z and integrate
with respect to x over RT. After integration by parts, there appears

d o0 o0 o0
— 22 (x,t)dx + 22(0,t) + / Uy (x, )22 (z, t)de = 2/ g(z,t)z(z, t)dz,
dt Jo 0 0
which holds for any ¢ € [0,T], where g = —(uw),. As a result, it follows that
d oo (o] oo
— 2%(x,t)dx §/ g (x,t)dx + <1 + sup |um(x,t)|>/ 2% (x,t)dz.
dt Jo 0 zER+ 0

Using Gronwall’s lemma, it is adduced that

oS] t " oS]
sup / 22z, t)dr < / els (Fsupy >0 |“*’(y77)|)d7/ g*(x, s)dxds
0 0 0

0<t<T
r(|lullz) / / (x, s)dxds,

which, together with (EI3) and (5-14), yields (511). The proof is complete. O

IN

Next, a global a priori bound in H*(R™") is obtained for solutions of (41) when
5> 3.

Theorem 5.5. For given T >0 and s = 3m+s" with 0 < s’ <3 and m > 1, there
exists a T-dependent and continuous non-decreasing function ap : RT™ — R™ such
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that for any smooth solution u of (1)),
m—1

sup [0/ u(t) || gor gy + D sup_ 0Fu( t)ll s (re)
0<t<T L—p 0St<T

< ar (0, W)l g (r+yx oG +1730,7)) -

Proof. We only prove Theorem 5.5 for m = 1. The general case follows by induction.
Let v = u;. Then v is a solution of

Ov + 0,0 + Oz (uv) + 92v =0, for z,t >0,
(5.15)
v(z,0) = ¢1(x), v(0,t) = hi(t).

The problem (5I5) is linear, but with u € Z3. as a variable coefficient. Applying
the proof of Proposition 5.3, the following estimate emerges for sufficiently regular

solutions of (5.15):

sup [[o(-, )| z2r+y < Orllullzy (Io1ll2crey + 1Pl 15 0,1)) -
0<t<T

Secondly, by using Proposition 6.1 in the next section, which, as mentioned before,
is proved independently of the considerations in this section, we also have

sup [[oC,)lmnsy < ar (fullzy) (1orln o + lisrson)
telo,

The following estimates hold by interpolation:

ts[l(l)PT]||”('at)||Hs/(R+) < O‘T(HUHZ})”(QZS’h)||HS(R+)><H(S+1)/3(O,T)
€lo,

(5.16) < ar (& W)l s (m+yxm+17300.1))

for any s’ with 0 < s’ < 1. When s’ > 1, using Proposition 6.1 directly gives

IA

sup ([0l errey < o (llullzg ) 166, B) e ey errssoco

te[0,T)

IA

ar (16, M)l s (r+yx mre+0/3(0,1)) -

Thus (518) holds for m = 1. As already indicated, the remainder of the proof
follows by an induction that is analogous to the argument just presented for the
case m = 1. |

As an immediate consequence of Theorem 5.1, Theorem 5.5 and the local well-
posedness results established in Section 4, the following global well-posedness result
for the initial-boundary-value problem (1)) is obtained.

Theorem 5.6. Let T > 0 and s > 1 be given. Then for any s-compatible (¢,h) €
H*(Rt) x HT39)/12(0,T) when 1 < s < 3 and for any s-compatible (¢,h) €
H*(R*) x HEHD/3(0,T) when s > 3, the problem (1) admits a unique solution
u € Z5NC([0,T); H¥(R*)) with Ofu € C([0,T); HS73*(R*)) fork =0, 1,---,[s/3].
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6. TAYLOR SERIES EXPANSION

Having established local and global well-posedness results, interest naturally
turns to related issues. Here we focus on the mapping that takes compatible pairs of
initial- and boundary-data into associated solutions and inquire about the regularity
of this correspondence. For given T' > 0 and s > 0, let X7 be the collection of all
s-compatible functions (¢,h) € H*(R*) x HD/3(0,T). By its definition, X3 is
a linear vector subspace of H*(R*) x H+D/3(0, T) only when 0 < s < 7/2. When
s is in this range, we consider X7 as a Banach space with norm induced by that
of H*(R*) x H+D/3(0,T). For any s > 3/4, the results established in Sections 4
and 5 show that the initial-boundary-value problem (1)) defines a nonlinear map
K1 from the space X3 to the space Z5. For T > 0, let DI = DI (K[) denote the
domain of the map K in the space X5. An element g = (¢, h) belongs to DT if
(¢, h) € X% and the associated solution u of (4.1) with auxiliary data (¢, h) exists
at least on the time interval [0,7]. Obviously, DI is not empty since 0 € DT.
Because of the global well-posedness of ) for s > 3, it is clear that DI = X5
in this case. From the proofs of the results presented in Section 4, the map K
is known to be Lipschitz continuous from DI to Z5. In this section it is shown
that K has far stronger regularity. More precisely, when 3/4 < s < 7/2, for any
g € DI, there exists an n > 0 such that for any w € X5 with ||w||xs <7, we have
g+w € DT and K;(g + w) has the following Taylor series expansion:

X K (g)[w"]

Kilg+w) = Ki(g) + 3 =L
n=1 !

where K}n) (g9) is the n-th order Fréchet derivative of K evaluated at g and the
series converges strongly in the space Z7. In other words, the map K7 is analytic.
In case s > 7/2, the Taylor series expansion does not hold in the form just presented
since the space X7 is no longer a vector space. In this situation, consideration is
given to an initial-boundary-value problem for a general m-nonlinear system which
includes (1) as a special case. It will be shown that the corresponding nonlinear
map K is analytic.

To begin, we present a well-posedness result for the linear, variable-coeflicient,
initial-boundary-value problem

Opu + Opu + 9y (au) + O3u = 0, (fg), forxz>0,0<t<T,
(6.1)
u(m, O) = ¢(x)v U(O,t) = h(t)a

for the linearized KdV equation. This result was already used in Section 5 and will
also play an important role in establishing analyticity of the map K7.

Proposition 6.1. Let T > 0 and s € (3/4,3] be given. Suppose that a, f, g € Z5..
Then, for any (¢,h) € X5, (61]) admits a unique solution u € Z5 satisfying

(6.2) [l

z2) (Il z3llllzs + 116, 2)xz.)

zs S ar (||Cl|

where ar : Rt — RT is a T-dependent and continuous non-decreasing function
which is independent of f, g and (¢, h).
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Proof. The proof is similar to that of Theorem 4.8 and consequently we content
ourselves with a sketch. For given (¢,h) € X5, 8 € (0,7] and r > 0, let
Spr={weZj: w(x0)=¢(), w0,t)=h(t), |w|zg <r}.
For given a, f, g € Z7, consider the map I' : S3, — Z§. defined for v € S3, by
w=T(v),

where u is the unique solution of

ut+uz+uzzz:_(av)z+(fg)zv fOI'iEZ0,0StST,

(w,0) = o(x),  ul(0,4) = h(t).
Applying Lemmas 4.1 — 4.6, one can show that there is a constant C' depending on
r and T', but independent of v, such that

Ags (D)) < C (lgllzs | fllzs + (8, 1)l xs.) + C(BY* + B2 A5 (a)Ag,s (v).
Hence if we choose r so that

(6.3) r=2C (

Zz

zs + (0, h)]|xs)

then there is a unique choice 3 for which
(6.4) rC(BY* + BY ) \p s (a) = 1/2.
If we define = min{T, B}, then

Ags (T(v)) <

for any v € Sg,. Moreover, for any vy, va € Sg,r,

&w@@Q—HW»S%MAm—W)

With such a choice of r and 3, I is a contraction map from Sg,, to Sg .. Its unique
fixed point is the desired solution of (E]) on the temporal interval 0 < ¢t < S.
However, since the value of 8 is chosen according to (6.3) and (6.4) which only
depends on |[la| zs,, ||g]lz; and [|f]|zs., a standard iteration extends the solution to
the entire interval 0 < ¢ < T'. The proof is complete. [l

The major step in the present development is to show that for 77 > 0 and
s € (3/4,3], DT is an open set in the space X3 and that the nonlinear map K is
analytic from DI to Z..

The following formal calculation is instructive. If K; is an analytic mapping
from DI to Z%, then, for n =0,1,2,---, its n-th order Fréchet derivative K}n)(g)
at g € DI exists and is the symmetric, n-linear map from the n-fold product
X7 x - x X7 to Z3 given as

K§n)(g)[w17"' 7wn] {afl o <Q+Z€kwk>}
0,--,0

for any w1y, ws, - -+ ,w, € X%. The homogeneous polynomial K}n) (g9)[w™] of degree

n induced by K}n) (g) evaluated at w" = (w,w,- - ,w) (n-components) is

K}n) w"] = d—K[ w
Wi ={ o ren}
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where w = (wg, wp) € X5. If we define y,, by

yn = K" (g) "]
then it is formally ascertained that (y1, y2, - -+, yn) solves the system

Oy1 + Opy1 + Ou(uyr) + 03y1 =0, forx>0,0<t<T,

(6.5)
y1(2,0) = wg (), y1(0,t) = wp (1),
and
=
Ouyk + Opyr + Oy (uyr) + O3yy, = ~3 ( ) ) Oz (YjYr—4),
- J
(6.6) J=1

yk(xao) =0, yk(ovt) =0,

forx >0,0<t<Tand2 <k <n,whereu = K;(9) = yo and w = (wg, ws) € X7

On the other hand, for any g = (¢, h) € D' let u = K;(g) and consider solving
the linear system (B.3)-(G.6)). It follows from Proposition 6.1 that the system (G.H)-
(E8) may be used to define a homogeneous polynomial of degree n which maps X3,
to Z7 as described in the following proposition.

Proposition 6.2. Let T > 0, 3/4 < s < 3 and g € DI = DI (K ) be given and
let w= Ki(g9). Then the system (63)-(6.4) defines a homogeneous polynomial

K}n) (9)[w™] of degree n from X5 to Z5. Moreover, there exists a constant c3 such
that

(6.7) [[yn

for any n > 2, where cs = c3(T, ||u]
or as ||ul

23 < Gl

z3), and it may be that cz3 — +00 as T — 400
75 — 400, but in any case c3 — 0 if T — 0, or if ||u]

Z%_’O

Proof. The proof is a straightforward consequence of Lemmas 4.1 — 4.6 and Propo-
sition 6.1 (see [64], Prop. 3.3 for details). O

For w € X7, define a Taylor polynomial P,(w) of degree n by

n (k) wk n
(6.8) Puw) =3 BEOT gy gy 5 8
k=0 k=1

and a Taylor series by

0o 7-(k)
(6.9) P(w) =Y m.

k!
k=0

Proposition 6.3. Let T > 0 and 3/4 < s < 3 be given. For any g = (¢, h) € DT,
there exists an n > 0 depending only on ||K1(g)||zs. such that the formal Taylor
series (6.9) is uniformly convergent in the space Z5 with respect to w € X5 with
lwl|xs. < n. Moreover, if v = P(w), then v € Z7. solves the problem

Vi + Uy + Uz + Vpzr = 0, forxz>0,te (0,7,
(6.10)
v(z,0) = ¢(x) + we(z), v(0,t) = h(t) + wp(¢).
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Proof. It is readily seen that the sequence {P,(w)}32, of Taylor polynomials is
Cauchy in Z§ uniformly for w in the ball of radius n in X7 for suitable 5. Indeed,
because of Proposition 6.2, it transpires that for m > n > 0,

<y bl Z Slwllls.

zs, k=n

m
Yk

k!
k=n

[[Pn(w) = P (w)]

zZ5 =

If 7 is chosen so that
(6.11) n<1/(2e3),

then for w € X3 with ||w||xs < 7, one has

m

1
Z%SZQ—k

k=n

[P (w) = Prn ()]

which goes to zero uniformly as n, m — oo.

Since { P, (w)}52, is a Cauchy sequence in the space Z3., it makes sense to define
v = P(w) as its limit as n — co. Then v € Z% and v solves the initial-boundary-
value problem (GI0). To see this, note first that

Z B0 ,0) 4 34 (2,0) = 6(0) + w2,

Z yk u(0,t) +y1(0,¢) = h(t) + wn(t).

Moreover, since the series P(w) is absolutely convergent in the Banach algebra Z3,
it follows that

2 _ Yk Uyk Yk
oo (e E) g (£)
k=1

1 UYk 1 1’“1 k
2<§u+ W Talwm <n>y"y" k)'

In consequence, we have

1 0, .
O+ 50.(v )+83v—8tu+z ty’“+a§,u

k—1
DL z{ LS )ax@nyn_w}

n=0
1
- (8tu + 5az(u2) + 8§’u) + (Owy1 + O (uyr) + 02y1) +

o0

1
+ZE {c’%yk +8 uyk

k=2

l\3|H

kz_:( > (Ynyn-— k)+3yk}

= 0.
The proof is complete. O
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The following theorem is now readily adduced.

Theorem 6.4 (Analyticity). For any T > 0 and 3/4 < s < 3 the nonlinear prob-
lem (1) establishes a map K; from the space X35 to the space Z5 having as its
domain DT a non-empty open subset of X3. The map K is analytic from DT
to Z3 in the sense that for any ¢ € DI, there exists an m > 0 such that for any
w € X7 with ||w||xs <, the Taylor series expansion

n!
n=0

converges in the space Z5.. Moreover, the convergence is uniform with regard to w
in the aforementioned ball in X7.

Remarks. 1. The above theorem holds also for 3 < s < 7/2. Since its proof is
similar to that for the system discussed below, a separate discussion is not
included.

2. Since 0 € DT, there exists an n > 0 depending on T such that for any
g = (¢,h) € X7 with |g]|xs < n, the problem (EI]) has a unique solution
u € Z% defined at least on the time interval (0,7"). Moreover, according to
(68) and Proposition 6.2, n — oo as T'— 0. The local well-posedness of the
problem (ET]) thus follows as a corollary to Theorem 5.1. This provides an
alternative approach to the well-posedness of (E1]): show first the analyticity
of the map K by establishing the solvability of the n-linear system (G.3])-
(©0). One advantage of this approach is that it clearly shows the solution of
the nonlinear problem (ZII) can be obtained by solving a sequence of linear
problems.

3. We know already that (41 is globally well-posed in the space X35 when
s > 3. In case 3/4 < s < 3, only local well-posedness has been proved in
X7 and the needed a priori estimates are not available. Of course, global
well-posedness is valid for 1 < s < 3, but slightly stronger conditions on the
boundary data are needed than is implied by membership in X7. This raises
the question of whether the corresponding solutions blow up in finite time or
exist globally in the space H*(RT). As an application of the analyticity of the
map K7, a partial answer to this question is forthcoming. For (¢,h) € X3,
the corresponding solution u of ([@J) exists globally in the space H*(R™) if
and only if (¢,h) € DI for all T > 0. On the other hand, it follows from
our theory that for any 7 > 0, DI is a dense subset of the space X35. The
Baire Category Theorem thus implies that initial- and boundary-data that
yield globally defined solutions comprise a dense Gs-set in X3 .

Attention is turned to the case s > 3. As pointed out earlier, if s > 7/2, then
X7 is not a linear space because of the nonlinear compatibility condition imposed
by membership in this class. One way to deal with this fact of life is to realize
(7)) as a specialization of a system of equations. This formulation is useful also
for 3 < s <7/2, and so it is pursued here in the entire range s > 3.

As in Section 4, for any s > 3, write s = 3m + s’ where m > 0 is an integer and
0 < s <3. For T > 0, define the space Z5 as

s __ 73 3 3 s’
Zr =27 XLy X X Lp X L7
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and the space X7 as
Xp= X3 x X3 x - X3 x X5,

in which there are m copies of Z3 and X3 featured, respectively. Consider the
system

U+ Uy + Upge = —F(@)z, forz>0,0<t<T,

(6.12) ) )
i(z,0) = ¢(z), u(0,t) = h(t),
where
i = (uo, wry-- - yum)s G = ($o, b1, bm),
h = (ho, h1, -, hm)”
and

_, 1 “ T
F(i) = 3 <U(2)7 2uguy, - ,Z < TZ >ukumk> ,

k=0

and the superscript 7 connotes the transpose of the relevant vector. The pair ((5, ﬁ)
is said to be s-compatible if
¢;(0) = h;(0)

for j=0,1,--- ,m—1 when s/ <1/2 and for j = 0,1,---,m when s’ > 1/2. By
Theorem 4.8, for any s-compatible (¢, h) € X5, the initial-boundary-value problem
(ET)) has a unique solution u € Z5. If we let ¢g = ¢, then ¢1, ¢2, - - - , ¢, may be
obtained recursively via (4.7). For k = 0,1,---,m, let by = h*), and uy = OFu. If
d): (d)Ov"' 7¢m)a h = (hOa"' ahm) and @ = (uov"' 7um)’ then (¢7h) € XYS“ and u
is a solution of (6.12)). In this sense, (1)) is a special case of the system (6.12).

Theorem 6.5. Let T > 0 and s > 3 be given with s = 3m + s’ and 0 < s’ < 3.
Then for any s-compatible (¢, h) € X3, the system (613) admits a unique solution
U € Zh.

Proof. Observe that the nonlinear system ([€12)) consists of initial-boundary-value
problems for m + 1 scalar equations. Among them, the first one is the initial-
boundary-value problem (£I]) which only involves ug. The second one involves
only ug and u;. If ug is considered known, then the second equation is linear in wuq,
and so on. Thus we may solve the nonlinear system by solving for ug in the first
equation, then using this determination of ug in the second equation and solving
the corresponding linearized problem to obtain u; and so forth. Using Theorem 4.8
and Proposition 6.1, we obtain inductively ux € Z3 for k=0, 1, --- ,m — 1. The
equation for u,, has the form

Ot + Op iy, + Oz (aty,) + Qi’um =f, forz>0,0<t<T,
(6.13)
m(.l?, 0) = ¢m(x)7 um(ovt) = hm(t)7

m—1
k=1

where
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and the coefficient a = ug is known. By Proposition 6.1, for any s’-compatible
(dm, him) € X3, (6I3) possesses a unique solution u,, € Z5. The proof is complete.
O

By Theorem 6.5, for given T > 0, the system (6.12) defines a map K from the
space X3 to Z5 where s = 3m+s’ withm > 1 and s’ # 1/2. The map K is analytic
from X} to Z4. To establish this, consider the linearized system corresponding to

(€12), namely

OB + 0,0 + 0, (J (@) ) 4+ O3 = D, f, forx>0,0<t<T,
(6.14)

—

wi(z,0) = ¢(x), @(0, 1) = h(t),

where J is the Jacobian of F' at 4 = a given by

k
. OF (i k . . .
sy = S0 [ () @iy + asdti k- ) ,
v J=0 0<k,i<m
1 ifi=j,
0 ifi#j,
and

f: (bovo, b1v1, -+, byvm)7.

Proposition 6.6. Let T > 0 and s > 3 be given and let
b= (bo,br, - bn)s T = (00,00 o)

Suppose a, l;, v € Z5. Then for any ((5, i_i) € X7, (6-14) admits a unique solution
W € Z%. Moreover,

@25 < ar (lllzz) (166, Bl + 1Bl 23 171125 )

where ar : RT — RV is a T-dependent and continuous non-decreasing function.

Proof. The proof is very similar to that of Proposition 6.1 and is therefore omitted.
O

For given @ = K; ((q;, H)) with (¢, h) € 2%, consider the linear systems

Qi + Oth + 0 (J(@)ih) + 0351 =0, forz >0, 0<t <T,
(6.15)
it (z,0) = zI)'d;(x), 41(0,t) = wj (1),
and forx >0,0<t<T,
0¥ + Outfn + O (J(@)Fn) + O3 = Fu(Fr, -+ Y1),
(6.16)
Yn(x,0) =0, Jn(0,8) =0
for 2 < n < N, where

Fn = (fn,Ov fn,h t a.fn,m)T
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with

fork=0,1,---,m.

—

Proposition 6.7. Given T'> 0, s > 3 and § = (d_)', i_i) € X3, let i = Kr((o, i_i))
Then the system (6.15)-(610) defines a homogeneous polynomial ICgN)(g”)[u_)'”] of
degree n from X} to Z5.. Moreover, there exists a constant C' such that

1]l 25 < C™nll[ @]

for any n > 2, where C = C(T, ||| zz), and it may be that C — +o00 as T — oo
or ||d| zs. — oo, but in any case C — 0 if ||u|zs — 0 or if T — 0.

Proof. This follows from Proposition 6.6 by direct computation. |

For w € X7, define a Taylor polynomial Py (@) of degree n by

N

. K3 (g) ] L
(6.17) P, (%) :ZT =K1(9)+ZH,
k=0 k=1
and a formal Taylor series by
L= K@)t
(6.18) P(w) = ;;T

Arguing as in the proof of Proposition 6.3 gives the following result.

Proposition 6.8. For any § = (¢,h) € DT = DT(K;), there exists an n > 0
depending only on ||K1(g)| zs. such that the formal Taylor series (6.18) is uniformly
convergent in the space Z} for w € X7 with ||| xs < n. Moreover, if v = P(w),
then U € Z solves the problem

OV + 0, U + 0 (F(V)V) —I—@;’U: 0, forxz>0,0<t<T,
(6.19) . .

v(x,0) = ¢+ _’q-g, v(0,t) = h+ ’LUE
for0<t<T.

As a direct consequence of Proposition 6.8, we arrive at the following satisfactory
result.

Theorem 6.9 (Analyticity). For any T > 0 and s > 3 the nonlinear problem
(612) establishes a map Kr from the space X3 to Ehe space Z5. The map Ky is
analytic from X3 to Z§ in the sense that for any ¢ € X7, there exists an n > 0
such that for any h € X5 with ||HHXT <n, the Taylor series expansion
[eS) n T
.l K™ (@) [hn

n!
n=0

converges in the space Z3.. Moreover, the convergence is uniform with regard to h
in the aforementioned ball in X}.
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